arXiv:1508.04636vl [math.AG] 19 Aug 2015 


New Foundations for Geometry 

Two non- additive langnages for arithmetical 

geometry 


M.J. Shai Haran 


August 20, 2015 


Contents 


0 Introduction 


i 


I F-7^ings 


18 


1 Definition of F-7^ings. 

1.1 F the field with one element . . 

1.2 F-^ngs. 

1.3 Commutativity. 

1.4 Matrix coefficients and tameness 


ra 

19 

22 

25 

26 


A 

A.l Proof of existence of ]_[^ = B^ 

A.2 Equivalence ideals and quotients. 


1 ^ 

27 

30 


2 Examples of F-7?^ings. 

2.1 Things . 

2.2 Monoids. 

2.3 c 7^e^ c F(N°). 

2.4 Real primes. 

2.5 Valuation F-72.ings: Ostrowski theorem . . . 

2.6 Graphs. 

2.7 Free F-7^ings F[(5v_jv] . 

2.8 F[GLx].’. 

2.9 The arithmetical surface: C = F(N) (x)]p F(N) 

2.10 Generators and relations for F-rings .... 


Ip 

33 

36 

37 

38 
40 

56 


B Proof of Ostrowski’s theorem 


61 


3 Geometry 

3.1 Ideals, maximal ideals and primes. 

3.2 The spectrum: Spec A . 

3.3 Localization 5*“^^. 

3.4 Structure sheaf Oa . 

3.5 Grothendieck F - Schemes and locally-F-ringed spaces 


p 

72 

77 


1 





































CONTENTS 


2 


4 


Symmetric Geometry 

4.1 Symmetric ideals and symmetric primes. 

4.2 The symmetric spectrum: Spec''"(^). 

4.3 Symmetric localization. 

4.4 Structure sheaf 0\/ Spec"*" (A) . 

4.5 Schemes with involution gFiSc* and locally- FT?.*- spaces CFTZ^Sp 


81 

84 

88 


5 Pro - limits 

5.1 Pro - Schemes . 

5.2 The compactified Spec Z. 

5.3 The compactified Spec Oic 


9C 

91 

94 


6 Vector bundles 

6.1 Meromorphic functions JCxn . 

6.2 Rank-d Vector Bundles at finite layer. . . 

6.3 VdiX), Rank-d Vector Bundles in the limit. 


1 ^ 

96 

96 

98 


7 Modules 

7.1 Definitions. 

7.2 Commutativity for Modules . . . . 

7.3 Sheaves of Ox- modules. 

7.4 Extension of scalars . 

7.5 Infinitesimal extensions . 

7.6 Derivations and differentials . . . . 

7.7 Properties of differentials . 

7.8 Differentials of F(Z) and F(N). . . 

7.9 Differentials for commutative rings 

7.10 Quillen model structures. 


102 

102 

107 

no 

112 

112 

113 

115 

118 

122 

124 


II Generalized Rings 


1291 


8 Generalized Rings 

8.1 Definitions. 

8.2 Remarks. 

8.3 Examples of generalized Rings . 

8.3.0 Generalized Rings arising from F-7?ings. . 

8.3.1 The field with one element F. 

8.3.2 Commutative Rigs. 

8.3.3 Real primes. 

8.3.4 Ostrowski’s theorem. 

8.3.5 Commutative Monoids. 

8.3.6 The free commutative generalized ring 

8.3.7 Limits. 


130 

141 

145 

145 

146 

147 

148 

1 ^ 

IM 

152 

157 






























































CONTENTS 


3 


9 Ideals 

9.1 Equivalence ideals . 

9.2 Functorial Ideals. 

9.3 Operations on functorial ideals 

9.4 Homogeneous ideals. 

9.5 Ideals and symmetric ideals . 


159 

159 

1 ^ 

Mi 

163 

165 


10 Primes and Spectra 

10.1 Maximal ideals and primes 

10.2 The Zariski topology . . . 

10.3 Basic open sets. 

10.4 Functoriality. 


169 

17C 

172 

175 


11 Localization and sheaves 

11.1 Localization. 

11.2 Localization and ideals 

11.3 The structure sheaf Oa 


177 

177 

178 
181 


12 


Schemes 

12.1 Locally generalized ringed spaces 

12.2 Schemes. 

12.3 Projective limits . 

12.4 The compactified speci . 


184 

184 

188 

191 

193 


13 Products 

13.1 Tensor product. 

13.2 The arithmetical plane i7(N) t/(N). 

13.3 Products of Grothendieck-Generalized-schemes 

13.4 Products of Generalized-schemes. 

13.5 The Arithmetical plane: X = specZ specL 

F{ + 1} 


196 

196 

200 

203 

203 

203 


14 Modules and differentials 

14.1 A-module. 

14.2 Derivations and differentials 


205 

209 


215 


C Beta integrals and the local factors of zeta 






































































Chapter 0 

Introduction 


We spend our first years in the world of mathematics doing addition (using our 
fingers), and then we learn of multiplication (of natural numbers) as a kind of 
generalized addition. There is no wonder that the vast majority of structures 
in mathematics begin with addition, either explicitly (as an abelian group), 
or abstractly (as additive/abelian categories). The language of Grothendieck’s 
algebraic geometry is based on commutative rings having addition and multi¬ 
plication. But when we compare arithmetic and geometry, we see that it is 
precisely the presence of addition in our language that causes all the problems. 
The ring of integers Z is similar to the polynomial ring in one variable C[a;] 
over a field F. Taking for simplicity F algebraically closed, we have analogous 
diagrams of embeddings of rings in arithmetic and geometry: 


Arithmetic 


Geometry 



Here the rational numbers Q are analogous to the field of rational functions 
F{x). The field of p-adic numbers Qp is analogous to the field of Laurent series 


4 
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F((x — a)). The p-adic numbers contain the (one dimensional local) ring of p- 
adic integers Zp = limZ/(p”), which is analogous to the (one dimensional local) 

n 

ring of power series F[\x — a|] = limF[a;]/(a; — a)". 

n 

The embedding Q Qp is analogous to the embedding F{x) ^ F{{x — a)), 
i.e. of expanding a rational function as a Laurent series around the point a. 
There are three basic problems where this analogy breaks down. 

The problem of the arithmetical plane: In geometry when we have 
two objects we have their product. In particular, the product of the (affine) 
line with itself gives us the (affine) plane. This translates in the language of 
commutative rings into the fact that 

F[X]0F[X]= F[Xi,X2] 

F 

the polynomial ring in two variables. When we try to find the analogous arith¬ 
metical plane, we hnd 

Z (g) z = z 

Having addition as part of the structures of a commutative ring forces the 
integers Z to be the initial object of the category of commutative rings, hence 
its categorical sum with itself reduces to Z, and the arithmetical plane reduces 
to its diagonal. 

The problem of the absolute point: The category of F-algebras has F 
as an initial object, hence in geometry (over F) we have the point spec{F) as a 
final object. Addition forces the integers Z to be the first object of commutative 
rings, hence spec(Z) is the hnal object of Grothendieck’s algebraic geometry, and 
we are missing the absolute point spec(F), where F is the field with one element 
- the non-existing common field of all hnite helds Fp, p prime. 

The problem of the real prime: In geometry over F we realize that 
if we want to have global theorems we need to pass from affine to projective 
geometry. In particular, we have to add the point at infinity cx) to the affine 
line to obtain the projective line. In our language of commutative rings this 
translates into the extra embedding F{x) ^ F((i)), i.e. expanding a rational 
function as a Laurent series at inhnity. There is nothing special about the point 
CO, all the points of the projective line are the same, and the field T((i)) is 
isomorphic to each of the fields F{{x — a)), in particular: F((i)) contains the 
(one-dimensional local) ring of power series F[|i|]. The analog of the infinite 
point 00 in arithmetic is the real prime, which we denote by rj, and the analog 
of the extra embedding F{x) ^ F{{^)) is the embedding Q ^ Qp = R of the 
rational numbers in the reals. The analog of the power-series subring T[|i|] c 
F((i)), is the ring of real integers Zp = [—1,1] c R. But the real interval [—1,1] 
is not closed under addition, and is not a commutative ring. The language 
of Grothendieck’s algebraic geometry cannot see the real prime, hence cannot 
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produce global theorems in arithmetic (this is the point of Arakelov’s geometry 
where the real prime rj is added to speech) in an ad hoc way). 

All this brings us to the inevitable conclusion, that if we want to see arith¬ 
metic as a true geometry, we have to change the language of geometry, and 
moreover, we have to give up addition as part of this language. 

Kurokawa, Ochiai, and Wakayama [KOWj were the first to suggest simply aban¬ 
doning addition, and work instead with the language of multiplicative monoids. 
This approach of using (multiplicative) monoids was further developed by Deit- 
mar |De| . and indeed is the minimal concept included in all other approaches, 
as it will be in our approach, cf. §2.4. But this approach creates many new 
problems: the spectra of monoids always looks like the spectra of a local ring 
(the non-invertible elements of a monoid are the unique maximal ideal), and 
the primes of the (multiplicative) monoid X are arbitrary subsets of the (usual) 
primes. What we need is another operation that will replace addition. 


The very same problem of the inadequacy of addition appears in physics in 
the theory of relativity: the interval of speeds (—c, c), c being the speed of light, 
is not closed under addition. Einstein’s solution, from which all of the theory of 
special relativity can be deduced, is to change addition into c-addition given by 


x + y 

x+cy= ^ ^ 


Like addition, this operation is associative, commutative, 0 is the unit, and —x 
is the inverse: 

(x +cy) +cz = X -l-c {y +c z) , 

X +cy = y +cx , 

X +c0 = X , 

X +c ( — x) = 0 

There is also a kind of distributive law: 


z ■ (x +c y) = (z ■ x) -hp|.c {z ■ y) 


This approach of Einstein’s is not useful in arithmetic where we have also 
complex primes (e.g. the unique prime of Z[i] over 77 ). For complex primes, 
the real interval, = [— 1 , 1 ], is replaced by the complex unit ball = 

{z e C , |z| ^ 1}, and the complex-c-addition, under which c-D° = {z e C , |z| < c} 
is closed, is given by (the non-associative non-commutative) operation: 


x+cy = 


x + y 
1 -I- ^ 

|cp 


(y is the complex conjugate of y). 


Perhaps also Nature was trying to tell us one of her secrets, when Heisenberg 
found matrix multiplication as the basic language of the microscopic world... 


The hint comes from the mysteries of the real prime. We can change the under¬ 
lying additive group we use to represent a ring, Ga{B) = Hom{Z[x],B) = B, 
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to the general linear groups GLn{B). Then the analog for the real prime of 
the (maximal compact) subgroup GL„(Zp) c GL„(Qp) is the orthogonal group 
- the (maximal compact) subgroup ”GL„(Z^)” = 0„ c GL„(Q,,) = GL„(R). 
And for a complex prime of a number field it is the unitary group Un £ GL„(C). 
Indeed, Macdonald |Mac| gives a q-analog interpolation between the zonal- 
spherical-functions on GLn{Qp)/GLn{^p), and the zonal-spherical-functions on 
GL„(M)/0„ and GLn{C)/Un- Similarly, there is a q-analog interpolation be¬ 
tween the zonal-spherical-function on the p-adic Grassmanian GLn{'Ep)/Bn^^n 2 i 




ni,ra2 


GnjOji-^ X Oji^ 


0 

and UyijU x t/yj 2 ? 


e GLn{1,p) and the real and complex Grassmanians 
Til + n 2 = n (see |H 08 l, m)- 


This point of view of the general-linear-group suggests also that for the 
field with one element F we have ”GL„(F)” = S'„, the symmetric group, which 
embeds as a common subgroup of all the finite group GL„(Fp), p prime (or the 
"field" F{±1}, with "GL„(F{±1})” = { + !}" x Sn)- 

But we need zero as a part of the language for geometry, and so we represented a 
commutative ring B by the collection of all m by n matrices over B, Matm,n{B), 
for all m, n. 

For the real integers Matjn,n{'^p) are the matrices in Matm,n(M) that carry 
the n dimensional unit ball into the m dimensional unit ball. 

n 

2=1 

(Z^)„,„ = Matn,m{^r,) = ” = {/ e Mat„,™(M), /(Z™) c Z^}. 

There is a natural involution: 

(, ) : {'^ri)n,m —> {'^rt)m,n 

which only exists when we considered the I 2 -norm. 

The initial object F is represented by ”Matm,n{^y\ the m by n matrices with 
entries 0,1 having at most one 1 in every row and column. As a category F is 
equivalent to the category with objects the finite sets, and with morphisms the 
partial bijections. 

We also keep as part of our language, the operations of matrix multiplication, 
as well as the operations of direct-sum and transposition of matrices. 

This language for geometry sees the real prime, there is a natural compactifi- 
cation spec(Z) = spec(Z) u {p} as a pro-object of the associated category of 
schemes. The arithmetical plane does not reduce to its diagonal, and yet one 
can do algebraic-geometry-Grothendieck-style over it. 
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Recently, there have been a few approaches to "geometry over Fi", such as 
Borger | |Bo09| . Connes Consani |CC09| . |CC14j . Durov | jDuj . Lorscheid | |Lol2j . 
Soule 13, Takagi |Takl2j , Toen- Vaquie iTVl and Haran ^3 and fM . 

For relations between these see m- There are no inclusion relations between 
Haran’s and other approaches, except that Durov’s generalized rings are a subset 
of the F-7?.ings of | lH07j .But Durov’s use of monads forces him to use the £i - 
metric at the real primes, so that the unit ball is replaced by the polytop 

n 

(Z:;k = {/eR", 

i=l 

and On = GLnCZr]) is replaced by the (finite) subgroup of G'L„(R) preserving 
this polytop. 

The present language of F-77.ings is the same as M, except that we omit 
the tensor- product of matrices from the structure: we use only matrix multi¬ 
plication and direct- sum, and we add the involution to the structure. 

An important observation of the present approach is that we do not need 
the tensor product to do geometry, and that the addition of an involution to the 
structure means that we have to work with the symmetric spectrum. We also an¬ 
alyze the notion of commutativity more carefully, and define the "commutative- 
F-7?.ings" over which we can do geometry. The F-77.ings of |H07l| are the sub¬ 
set of "totally- commutative- F-77.ings" of the present approach. We show the 
arithmetical surface (the categorical- sum of Z with itself in the category of 
commutative- F-77.ings) does not reduce to its diagonal, while in categories of 
totally- commutative F-77.ings |H07| . or Durov’s |Du) . as in ordinary commuta¬ 
tive rings it does reduce to its diagonal: Z (g) Z = Z. 


We observe though that the geometric object Spec (A), only depend on the 
operads {Ai x} and {Ax,i}, (and these can be identified in the presence of 
an involution). We therefore axiomatize the properties of the "self-adjoint op- 
erad" {Ai.x}, for an F-77.ing with involution A. This gives us the "Generalized- 
Rings" of (HTO], the geometry of which was developed in |H09| . But in |H09j 
we assumed our generalized rings to be totally commutative, and self- adjoint, 
which are unnatural and limiting assumptions. Here we avoid these assump¬ 
tions, and show that using the language of commutative- generalized- Rings, 
one can do "algebraic- geometry- Grothendieck- style". It includes "classical" 
algebraic geometry (fully- faithfully), and yet it solves the three basic problems 
of the analogy of arithmetic and geometry, as there are: 

- A final object for Geometry, the "absolute point": SpecF. 


natural compactifications Spec(Z) = Spec(Z) u {rj}, and similarly for a number 































CHAPTER 0. INTRODUCTION 


9 


field K, 

Spec(C>if) = Spec(C>K) u mod conj’n; 

as pro- object of the associated category of Grothendieck generalized schemes. 

- The arithmetical plane does not reduce to the diagonal. 

Unfortunately, it seems that to understand the geometric theory of generalized- 
Rings, one has first to go through the same theory using F-7^ings with invo¬ 
lution. Especially, the role of the symmetric spectrum Spec*(A), (as opposed 
to the usual spectrum Spec(A)) as the basic building blocks for schemes of 
F-7^ings with involution, and for schemes of generalized rings (non self- ad¬ 
joint as in | jH09j 1. 


The contents of the chapters are as follows: 

§1.1 We define "the field with one element F" (cf. [S]. |H07| 1 to be the category 
of finite sets and partial bijections. 

F(X, F) = {/ : D{f) ^ I{f) bijection , D{f) c X, /(/) c y} 

and let 0 be the disjoint union on this category. 

0 : F X F ^ F 

Xq © Xi = {{i,x),i ^ { 0 , 1}, X e X^} , 

= {i,Mx)),fi e ¥Yi,Xi 

We have the associativity, commutativity, unit isomorphisms: 

« = a,Xo,Xi,X2 ■ (-^0 © © -^2 —> © {Xi 0 X 2 ) 

c = cxo,Xi : dCo 0 Xi —> Xi@Xq 

u = ux '■ X @ \fi\ CO X 

We have an involution on F, 

( )* : F ^ F°P 

(/ : D{f) ^ I{f)f = (/-i : /(/) ^ D{f)). 

We shall assume the objects of F form a (countable) set, containing [n] = 
{1, ...,n},n > 0. 
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§1.2 We define an F-7?.ing (cf. |H07) f to be a symmetric monoidal category 
over F: An F-72.ing A is a category, together with a faithful functor e : F ^ A, 
which is the identity on objects, and a symmetric monoidal structure 

0 : A X A^ A 

such that e is strict monoidal; thus A has objects the finite sets, for X,Y e A, 
A" 0 y is the disjoint union, and 0 on arrows has associativity(resp. commu¬ 
tativity,unit) isomorphism given by e(a) (resp. e(c), i(u)). We also demand that 
[0] is the initial and final object of A. 

We write the arrows in A from AT to y in "matrix" form A(A', y) := Ayx- 
An F-7?.ing with involution is an F-77.ing A with a functor 

A -0^ A°P 
0 0 

F —^ F°P 

such that (a*)* = a, and (oq © ai)* = Ug © a^. 

§1.3 We discuss the notion of commutativity for an F-77.ing. An F-77.ing is 
commutative if the following condition holds: 

Va e Ay,x, b e Ai^j, d e Ayi : 

® ° o d) = 0 ( 1 ) o d) o a = ( 01 )) o ( 0 a) o ( 0 cl) e Ay^x■ 

X V Y J X 

It is totally commutative if 

VaG Ay^Xj^be Ajj , (0a) o (06) = (06) o (0a) 6 Ay{^j^x<^i ■ 

J X Y I 


§1.4 For an F-77.ing A we have a mapping 
A{X,Y) = Ayx ^ 

a ^ = jy o a o 0 

where {jx ■ {1} ^ {a:}) G Fj^ Although for most of the examples this map¬ 
ping is an injection (we say A is a "matrix - F-77.ings"), it need not be in general: 
for the "residue field" at the real prime it is not an injection! a replacement is 
the notion of tame F-72.ing. 
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iA.l We show that the category of F-7?.ings has push-outs. 
iA.2 We discuss equivalence - ideals and quotients. 


§2.1 We show the category of rings is (fully) embedded in F-7?.ings 
{R^¥{R)). 

§2.2 We show the category of monoids is (fully) embedded in F-7?.ings (M 
F{M}). 

§2.3 The category of finite sets, Set', its opposite, Set°P', the category of finite 
sets and relations, Tlel{^ Set, Set°P), are all examples of F-7?.ings. 

§2.4 For every p > 1 the sub -F-7^ing of real matrices F(]R) with operator Ip- 
norm sg 1 is an F-7?.ing. For p = 2 (and only p = 2) it has involution. 

§2.5 We discuss valuation- F-7?.ings, and prove Ostrowski theorem that for 
a number field K the valuation F-7?.ings with involution correspond bijectively 
with the finite and infinite primes of K. (the proof itself is in the appendix 
B.I.). 

§2.6 We show the finite directed graphs with no loops form an F-72.ing. 


2.7 We construct the free - F-7^ing on one generator of "degree" {Y,X). 
:2.8 We construct the F-7?.ing representing the functor A i-^ GLn{A) . 


§2.9 We consider the arithmetical surface F(N) (8)F(N). Its totally commu- 

F 

tative quotient is reduced to the diagonal, but we prove that its commutative 
quotient is Not reduced to the diagonal! 

§2.10 The F-7?.ing F(N) (respectively, F(i?) for a ring R) is generated by the 
matrices (1,1) and ) (resp. and (r),r e R). We give the precises relations 
satisfied by these matrices. 

§3 We show one can do algebraic geometry Grothendieck style (cf. [EGA]) 
over any commutative F-72.ing. 
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§4 The point of this chapter can be explained with ordinary commutative 
rings. If we want to develop algebraic geometry for commutative rings A with 
(a possibly non trivial) involution, we can forget the involution and consider 
Spec A - a, topological space with an involution. But when we localize, or glue, 
such objects we lose the involution. The "right" way is to consider SpecA+ , 
where A+ = {a e A \ al = a}, over this space we have a sheaf of rings with 
involution. 


§5 The point of this chapter can be explained with ordinary schemes (= 
the locally ringed spaces which are locally affine). While the locally - ringed - 
spaces (and the affine schemes) are closed under inverse limits, schemes are not. 
Given a point x = {xj} B lim X,, Xj schemes, while each Xj e Xj has an affine 
neighborhood , these neighborhoods can shrink so that x will not have an affine 
neighborhood. The real and complex primes of a number field are such points. 
We show that in the pro - category of schemes there exists the compactihcation 
of Spec Z, and Spec Ok, K a number field, (this is the compactihcation of (HOT], 
reproduced also in |Du| 1. 


§6 We show that the process of real completion creating the continuum 
ffi."'" = GLi(R)/{±l} (and similarly GL„(R)/0„, GLn{C)/Un) can naturally be 
embedded in the language of pro- schemes. We dehne rank- n vector bundle for 
an arbitrary pro- F scheme in such a way that for the compactihed Spec Ok, K 

a number held, we obtain GL„(Aif)/nGL„(G/f_p) x O))® x 

p 

§7.1 For any F-7^ing A, we dehne A-mod as the full subcategory of the func¬ 
tor category (Ab)^^^ ’’ of M’s such that Mq^x = My,o = {0}. The category of 
A-mod is complete and co- complete abelian category with enough projective 
and injectives. (and similarly the category A-mod*, of A- modules with involu¬ 
tion, when A has an involution). 


§7.2 We discuss the notion of commutativity for modules. 

§7.3 We dehne the category of Ox- mod*-*^ (possibly with involution) and 
its full subcategory q.c. Ox- mod^*^ of quasi- coherent Ox- modules, so that for 
affine X = Spec A localization gives an equivalence A-niod —> q.c. Ox- mod. 

§7.4 For every homomorphism of F-77.ings^‘\ ip : B ^ A, there is an ad¬ 
junction (analogous with the commutative algebra’s extension and restriction 
of scalars): 

A-uio d(*)(M^, A^) s B -mo d^*'>{M,NB), 

M e B- mod*'*^ N e 7l-mod^*^ 
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§7.5 We define the infinitesimal extension of ^ G F77. with an M e ^-mod, 
A M, which is an abelian group object in VIZ/A. 


§7.6 We define the concept of derivations with values in A- modules and the 
module of Kahler differentials representing them. For ip e FIZ^*\C, A), B e 
C \ ¥7Z^*'> / A we have the adjunction, 


/ A^ {B,AnM) = Ver^c\B,MB) = A-nioA^^\0{B/C)^, M). 


§7.7 We list the properties of differentials (such as the first and second exact 
sequences). 

§7.8 We give an explicit description of the modules 0(F(Z)/F{±1}) and 
n(F(N)/F). We show there is an exact sequence of F(Z)- modules, 

fl(F(Z)/F{±l}) 4 iV F(Z) -> 0, 

where N is also an F-77,ing and tt is a homomorphism of F-77.ings (with involu¬ 
tion). 


§7.9 We generalize the previous description to have an explicit description 
for n(F(i?)/F{S'}), R a commutative 77.ing and S R, a multiplicative set. 

§7.10 Here we sketch the application of Quillen’s "non- additive homologi¬ 
cal algebra", or "homotopical algebra", to our context. We give Quillen model 
structures for modules and algebras and define the Quillen cotangent complex. 


§8 Here we begin our "de-je-vu", with F-7?,ings (with involution) replaced 
by generalized-rings. We give more emphasis to the definitions and principal 
examples, than to the proofs - which are very similar, and usually even simpler, 
than the corresponding proofs for F-77.ings. 

§8.1 is devoted to the definition of a generalized- ring, and in §8.2 we give im¬ 
portant remarks. 

In §8.3 we associate with every (x- commutative) F-77.ing with involution, a 
(commutative) generalized ring. In particular, we describe the generalized rings: 

F- the initial object of the category of generalized rings Q7Z, §8.3.1 . 

G{B)- the generalized ring associated with a commutative rig B, §8.3.2 . 
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Ok,t]- the generalized ring associated to an embedding ij : K ^ C, §8.3.3 . 

Valuation- generalized- rings of a generalized- field are given in §8.3.4, and 
we have Ostrowski’s theorem that for a number field K, the valuations of G{K) 
correspond to G{Ok,p), P a finite prime, or to OK,ri, rj : K ^ C (mod conjuga¬ 
tion). 


In §8.3.5 we give the generalized ring ¥{M} associated to a commutative 
monoid M. 


In §8.3.6 we describe the free- commutative generalized- ring A^, such that 
for any commutative generalized- ring A we have , A) = A\y . 


In §9 we give the various notions of ideals for a commutative generalized ring 
A, and the relations between them. 


In §9.1 we give the equivalence ideals eq{A)-, in §9.2 the fnnctorial ide¬ 
als, fun • il{A); in §9.3 the operations on fun ■ il{A)-, in §9.4 we give the 
homogeneous functorial ideals [l]-i/(A); and finally in §9.5 we give the use¬ 
ful notations of ideals il{A), and symmetric ideals il*{A); generally, we have 
il*{A) c [l]-iZ(A) c il[A). For A = G{B), the generalized ring associated with 
a commutative ring B with an involution b i—> corresponds bijectively 

with the ideals of B, [1] — il{A) corresponds to the ideals b of B that are in¬ 
variant under the involution: b = b*, and il*{A) corresponds to the ideals of B 
that are generated as ideals by elements that are invariant under the involution 

= bj. 


In §10 we give the geometry of commutative- generalized- rings (with no re¬ 
strictions such as self- adjointness or total- commutativity). We discuss maximal 
(symmetric) ideals, and (symmetric) primes, and we have contravariant func¬ 
tors associating to a commutative- generalized- ring A its space of (symmetric) 
primes, Spec(A), (resp. Spec*(A)), with its compact sober Zariski topology. 
There is a continuous map Spec(A) ^ Spec*(A). 


In §11 we give the localizations of a commutative- generalized- ring A, and 
the associated sheaf Oa of generalized rings over Spec*(A). 


In §12 we briefly describe the category CGRS of locally-generalized- ringed- 
spaces, and its full subcategory of Grothendieck- generalized- schemes GGS. The 
category of generalized- schemes GS is the pro- category of GGS'. GS = pro-^^iS. 
It contains the compactified SpecO/c, K a number field. 
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In §13.1 we briefly describe the tensor- products of commutative- generalized- 
rings, and we write down the precise relations for the presentations 


$ :A[2] ^ g(N), 
5M^(1,1), 

$2 :F{±1}{x)AM ^g(Z), 


F 

:F{i3'} (g) A^^l ^ Q{B), B a commutative ring. 
F 


In §13.2 we give a description of t/(N) (g)t/(N). 

F 

The tensor product gives the products in QQS, §13.3, and QS, §13.4, and we 
give the basic special case of the compactified arithmetical plane 


SpecZ (g) SpecZ. 
F{+i} 


To quote |CC14) : 

"This note provides the algebraic geometric space underlying the non- 
commutative approach to RH. It gives a geometric framework reasonably 
suitable to transpose the conceptual understanding of the Weil proof in finite 
characteristic. This translation would require in particular an adequate version 
of the Riemann- Roch theorem in characteristic 1". see [HM] for more hints. 

In §14.1 we briefly describe the theory of A- modules, for A a generalized ring, 
and its localization - the Ox- modules, X e GGS. 

In §14.2 we give the derivations and differentials (but only the even or odd 
ones, where the involution on M is the identity or minus the identity). We give 
explicitly the basic examples of the even derivations 




and d = ■;^d|q] : N 


2 


Here is the free abelian group with generators 
the relations: 



modulo 
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and d{n) = 


cocycle 
symmetric 
linear 


a + a' 1 la 
a" ( + I a' 


a 


+ 


a 


a' + a'' I I a" 
a! 
a 


\ k ■ a \ , \ a 

\k ■ a'\ ~ ]a' 


n — 11 


satisfies 


d{n + m) = d{n) + d{m) + 


n 


and Leibnitz: 


d{n • m) = n ■ d{m) + m ■ d(ji). 


hence d{n) = J^pVpin) ■ ^ • d{p) and is the free abelian group on d{p), (or 


p-1 


), p prime. 


In a final appendix, we make contact with the analytic theory, and we give 
yet another explanation to the fact that the Gamma function gives the real 
analogue of the Euler factor (1 — (or equivalently, via Mellin transform, 

that the Gaussian gives the real analogue of the charateristic function of Zp. 
For one explanation, which goes via the "quantum" q- analogue interpolation 
between the real and p- adic worlds, see mu, M). We show that the Haar- 
Maak 0{N) or GLi^{1p)- invariant- probability measure tr^v on the real or p- 
adic sphere Sp c behaves naturally with respect to the operations of mul¬ 
tiplication and contraction, giving rise to the Beta function, and in particular, 
contracting o-jv with the vector (1,..., 1) e we get in the limit N —>■ co, 

lim r |a;i H-h a;Ar|®“VAr(dx) = 

N^oDjgN Cp(l) 

with Cp(s) = (1 for the p- adic numbers, Cr;(s) = 2ir(|) for the reals. 


Alas, our idea and message are very simple: If one changes the operations 
of addition and multiplication to the more fundamental operations of multipli¬ 
cation and contraction of vectors (respectively, multiplication, direct- sum, and 
transposition of matrices), then one obtains a language in which arithmetic can 
be viewed as a geometry, and one proceeds exactly as in Grothendieck (with 
Quillen’s non- additive homotopical algebra). 







CHAPTER 0. INTRODUCTION 


17 


This book would have not existed without the continuous 
efforts of Itai Cohen, who typed them into latex, and edited them. 
It is dedicated to my father. 

Prof. Menachem Haran, 
and to my mother. 

Dr. Raaya Haran- Twerski, 
who taught us at an early stage that 
"the trick is finding the simple explanation behind the complex 

phenomena" 
and to the memory of 
Daniel Quillen, 

a teacher and a mentor, who taught us that mathematics is a 

language - 

"when you have the right language to speak about a problem, you 
solved the problem". 



Part I 

F-7?.ings 
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Chapter 1 


Definition of F-7?-ings. 


1.1 F the field with one element 

For a category C we write X e C for “X is an object of C’\ and we let C{X, Y) 
denote the set of maps in C from X to Y. We denote by SetQ the category with 
objects sets X with a distinguished element Ox e X, and with maps preserving 
the distinguished elements 

SetoiX,Y) = i^fGSet{X,Y) , /(Ox) = Oy]- (1.1.1) 

The category Set^ has direct and inverse limits. The set [o] = {o} is the initial 
and final object of Set^. For / e Seto{X, Y) we have 

kerf = f-\OY)-, ( 1 . 1 . 2 ) 

cokerf = Y/f(X), 

the set obtained from Y by collapsing f{X) to a point. 

There is a canonical map 

coker kerf = X//“^(Ov) —> ker cokerf = f{X). (1.1.3) 


Our first instinct is to take for Fq, "the field with one element", or rather, the 
"hnite dimensional Fq- vector spaces", the full subcategory of Seto consisting of 
the finite sets. But note that the map that identifies two points to one (non-zero) 
point, has R- linear extension the map R x R ^ R., (xi,^ 2 ) i—> xi + X 2 , and this 
map does not takes the unit L 2 - disc into the unit interval ((■^i ■^) V2 >1). 

Thus we denote by Fq the subcategory of Seto with objects the finite pointed 
sets, and with maps 

Fo(x,y) = 


19 
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= {/ G Seto{X, Y), coker kerf ^ ker cokerf is an isomorphism} = 

= {/ G Seto{X,Y), f\x\f- i(Oy) injection} 

We let Set, denote the category with objects sets and with partially defined 
maps 

Set.{X,Y)= IL SetiX',Y). (1.1.4) 

Thus to f e Set,{X,Y) there is associates its domain D{f) c X, and / G 
Set{D{f),Y). 

We have an isomorphism of categories 


Set, 

X+=X\ {Ox} 

U , Dif+) = X \ /-i(Ov); 

X 

/ 

We let F denote the subcategory of Set, corresponding to Fg under this 
isomorphism, it has objects the finite sets, and maps are the partial bijections 

F(X, Y) = {f: D{f) ^ /(/) bijections, D{f) c X, /(/) c r}. (1.1.5) 

It is crucial that the objects of F are finite sets, but we do not need F to 
contain all finite sets. 

To avoid problems with set theory we shall work with a countable set-model 
of F that contains [0] = 0 (the empty set, the initial and final object), [1] = 
{l}, ..., [n] = {l,..., n} ,... and is closed under the operations of pull-back 
and push-out in Set,. 

The operation "o" will denote composition of partial - bijections, but note 
that if 5 o / is defined, than D{g o f) = /“^(/(/) n D{g)) = D{f) n f-^{D{g)). 

Note that we can identify F(X, Y) with Y x X - matrices with value in 
{0,1}, having at most one 1 in every row or column, (and than o is matrix 
multiplication), and we will denote this set by Fy^x- 

Note that the category F has no sums or products, but we do have two 
symmetric monoidal structures on F, the disjoint union: 

0:FxF->F (1.1.6) 


given by 


and inversly 

a; G D{f) : 
a: f D{f) : 


Seto 

X 

f 


{Ox}UX = Xo 

fix) 

Oy 


= foix) 


Xq 0) Xi — {{i, x) ,i G {0,1}, X G Xi} , 


(1.1.7) 


ifo®fi)ii,x) = {i,fi{x)),fiG¥Yi,Xi 


(1.1.8) 
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(this is the categorical sum in Set,). 
and the cartesian product: 


0 : F X F F 

(1.1.9) 

Xo © Xi = {(a;o, xi),Xi e Xi}. 

(1.1.10) 

ifo® fi){xo,xi) = ifoixo), fi{xi)), fi e ¥Y,,Xi- 

(1.1.11) 

Thus in Set, 

X0Y = coker{X ILY ^ XTTT} 


or XTTT = X IL r IL (X0y). 

We have associativity, commutativity, and unit isomorphisms: 


a = CLXo,XiN2 ■ (-^0 © -^l) © -^2 —> -^0 © (-^1 © X 2 ) 

(1.1.12) 

a{l,X2) = (1,(1,X 2 )) 

(1.1.13) 

((0,a;o) 1 = 0 

(1.1.14) 

c = cxo,Xi : -^0 © V —> © Xo 

(1.1.15) 

c(i, x) = (1 — i, x) 

(1.1.16) 

■u = MX : -^ © [0] X 

(1.1.17) 

m(0, x) = X. 

(1.1.18) 


where [0] = the empty set, is the initial and hnal object of F. Similarly, there are 
associativity a* , commutativity c*, and unit u* isomorphisms for the operation 
0, (the unit object for (g) being [1] = the one point set). Moreover, there is a 
distributivity isomorphism: 

d = dx;Yo,Y, :XC){Yo@Yi) ^ (X ® Fq) © (^ ® (1.1.19) 

Given a finite collection of finite sets {Yx}xex, we can form the disjoint union: 
@Yx = {ix,y), xeX, yeYx} 

X 

and we have canonical isomorphisms: 

0r^x(x)r^0x (1.1.20) 

X Y 

In order to keep our formulas simple, we shall abuse language and will not 
write these canonical isomorphisms. 

Note that the category F has involution: 


( )© ^ F 


( 1 . 1 . 21 ) 
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(/ : D{f) ^ /(/))‘ = (/-i : /(/) D{f)), (1.1.22) 

(or the transposed {0,1} - matrix) 

= {idxf = idx, (1.1.23) 

{ff = /, (1-1-24) 

and this involution preserves the sum © (and the product ©): 

{h@hf = (1-1-25) 


We usually let X, Y, Z, W denote objects of F, without explicitly saying 
so, and when we consider "S'et.(X, F)it is usually implicitly assumed that 
X, r G F. 

1.2 F-7?.ings 

In this section we define the category of F-7?.ings, FT?., and the category of 
F-T?ings with involution, FT?*. We show these categories are bi - complete. 

Definition 1.2.1 

An ¥-IZing A is a category, together with a faithfull functor e : F A, which is 
the identity on objects, and a symmetric monoidal structure 

0:AxA->yl (1.2.1) 

such that e is strict monoidal; thus A has objects the finite sets, for X,Y s A, 
X @Y is the disjoint union, and 0) on arrows has associativity (resp. com¬ 
mutativity,unit) isomorphism given by e(a) (resp. e(c), e{u), which we abuse 
language and omit from our formulas!). We also demand that [0] is the initial 
and final object of A. 

Thus an F-T?ing is a collection of pointed sets Ay^x = A{X, Y) for all finite 
sets X, Y, together with the operation of composition: 

Az,y X Ay^x —> Az,x (1.2.2) 

9,f^9of (1.2.3) 

which is associative: 

{ho g)o f = ho{go f), (1-2.4) 

unital: 

f oidx = f = idy o f loi f e Ay^x, (1.2.5) 


and agree with composition on arrows of F, where Fv^x ^ Ay^x- 
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We also have the operation of direct sum: 


^Yo.Xo ^ ^Yi,Xi ^YoiS>Yi,XoiS>Xi 

(1.2.6) 

/oj fi fo® fl 

(1.2.7) 

such that we have: 


naturality: 

{go © 5i) o (/o © fl) = {go o fo) © {gi o A) 

(1.2.8) 

idxo © idxi = idxo®x^ 

(1.2.9) 

associativity: 

{fo © fl) © A = /o © {fl © A) 

(1.2.10) 

(i.e. aY0.y1.V2 0 {{fo © fl) © A) = (A © (A © A)) 0 axo.Jf1.X2, 

A e AYi ,Xi) 
(1.2.11) 

commutativity: 

fo® fl = fl® fo 

(1.2.12) 

(i.e. Cyo,yi 0 (/o © fl) = {fl © /o) 0 CXo.Xi , A £ ^Yi,Xi) 

(1.2.13) 

unit: 

f®o = f 

(1.2.14) 

{i.e. {f ®ido) oux = UY 0 f , f e Ay,x) 

(1.2.15) 


and fo © /i agree with the sum in F for /j e Fy. 

Ni- 


Definition 1.2.2 

-For F-T^-m^s A, A' we denote by WIZ(A, A') the colleetion of functors ip : A A', 
over F, and strict monoidal. i.e. ip is a collection of set mappings ipY,x '■ 
Ay,x A'yj^, with ip{g o /) = ip[g) o ip(f); ip{fo © /i) = iplfo) © ip{fi); 
f(c(/)) = for f e Fy^jf • Thus we have a category of ¥-Rings : ¥IZ.. 


We have for X e F a functor ( )^ : ¥IZ 

^F7^, 


{^^)z,Y ■ 

= flx®Z,X®Y- 

(1.2.16) 

We have a functor ()“*’: F77. — > F77., 



{A°nY,x 

:= Ax,y. 

(1.2.17) 


We denote by ¥Ti} the F-7?,ings with involution, i.e. A e ¥7Z and ( )* : A°p A 
is an involution: 


/“ = / 


(1.2.18) 
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(go/)* = /* Off* (1.2.19) 

e{fY = e{f) for/eFr.x (1.2.20) 

(/o©/i)‘ = /^©/i‘. (1.2.21) 

For A, A' e F72.‘, we let 

F7^*(A A') = {(/? e F7e(A, A'), V5(a*) = V5(a)*}. (1.2.22) 

We have a category of F-7?.ings with involutions: FT?.*. 


For A e FT?, X e F, the set Ax,x is an associative monoid, and we let GLx{A) 
denote its invertible elements: 

GLx{A) = {a e Ax,x, there exists a~^ e Ax,x, a o a~^ = a~^ o a = idx) 

(1.2.23) 

Clearly this constitute a functor form FT? to the category of groups, 

GLx : ft? ^ Grps. (1.2.24) 

We have embeddings 

GLxoiA) X GLxi{A) ^ GLxo®Xi{A) 

(oo, oi) 1-^ oo © ai 

In particular, we have the group GLoq^A) = ]imG'L[„](yl), the direct limit with 

71 

respect to a a©l (hence Quillen’s higher K-groups Ki{A) = Tri{BGLao{A)'^) 

, cf. TO ). 

Theorem 1.1 

The categories FT? and FT?* are bi-complete. 


Proof. Inverse limits exists and can be calculated in sets: 

3 3 


(1.2.25) 


Also CO- limits over a directed partially ordered set J, exists and can be calculated 
in Sets: 

(lim = lim(^vv:) (1.2.26) 

3 3 


The pushout B^WB^ is denoted (as usual) by B^ ®B^^ it is constructed in the 
A ^ 

appendix A.l . Equalizers also exist, and in fact we can factorize an F-T?ing by 
any equivalence - ideal, this is described in appendix A.2 . This suffices for the 
existence of arbitrary co-limits. □ 
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1.3 Commutativity 

Note that we usually do not write canonical-isomorphisms of F, especially, 

v(x)r. 

y 

Definition 1.3.1 

Let A G F -IZing. We say A is: 


Totally - commutative: 


Va G Ay^Xj^b e Ajj , (^a) o (^5) — o (^a) ^ Ay^j^x^i- (1.3.1) 

J X Y I 

Left - commutative: 


Va G A[i^^x,b G ^[ 1 ],/ , a o (^&) — bo (^a) G (1.3.2) 

X / 

Right - commutative: 

Va G Ay^[i], 6 G , (^a) ob = (^6) OaGAyg)y[l]. (1.3.3) 

,7 y 

1 - commutative: If A is both Left- and Right- commutative. 

X - commutative: 

Va G ^ 5 ^ [ 1 ], V6 G 7l[i] / , , a o 6 = (^)6) o (^)a) G Ayy. (1.3.4) 

y I 

Central: 

Va G Ay^Xjb G Ai^i : a o (^6) = {(^b) o a =: b ■ a e Ay^x- (1.3.5) 

X y 

i.e. Al l is a commutative monoid and it acts centrally on Ay^x, 
and we shall denote this action by b ■ a. 

Commutative: 

Va G Ay^x, b G Ai_j, d g Ayi : 

® o d) = (^6 o d) o a = (^&) o (^a) o (^d) G Ay^x■ (1.3.6) 

X y Y j X 

We let C'F7^ ( resp. F7^tot-com.,F7^l_com.,F7^x-com.,F7^cent’l ) denote the 
full subcategories of F7^ consisting of the commutative (resp. totally-commutative, 
1-commutative, x-commutative, central) F-7^ings. Noting that, A commutative 
A central, we have embeddings of categories 



CHAPTER 1. DEFINITION OF ¥-IZINGS. 


26 


C¥TZ ‘-FT^cent’l 



(1.3.7) 


1.4 Matrix coefficients and tameness. 

For a set X e F, and an element x e X, we denote by , the morphisms 

of F given by 

: [1] - X , i,(l) = xeX, (1.4.1) 

and where 

jl. ■. X [1] is the partial bijection {a;} —> {1}. (1-4.2) 

Definition 1.4.1 

Define the martix coefficients Jy,x '■ Ay,x (4ip)^^^ via 

{fyoaoj^}, (1.4.3) 

where G ¥x,i , jxil) = x , and j* G Fi,y. 

Definition 1.4.2 

We say A G ¥TZ is a "matrix F - ring" if Jy,x is injective for any X,Y G F. 


Definition 1.4.3 

We say A G ¥Tl is tame: Ma, a' G Ay,x, 

yb e Ai^Yffid e Ax,i'■ bo ao d = ho a'o d e Ai^i a = a' . (1-4.4) 

We have the implication (taking b = jy,d = jx): 

A matrix A tame. (1.4.5) 

We also have the implication: 

A commutative + tame A x -commutative. (1.4.6) 

(indeed, for a G Ay,i, b G Ai^j, and any d G Aj.i, d' G commutativity gives 

d'oaobod=d'o 06 o 0a o d, hence by tameness a o 6 = 06 o 0a). 

Y J Y j 



Appendix A 


A.l Proof of existence of = B^ 0^ B^. 

Theorem A.l 

The category F7^ has pushouts = ]_[^. 



Proof. Define the sets of chains of arrows, 


By.x 
Let ~ 


= {{bi,...,bs) , 1^6 = 0,1 , 


bj G B 


j mod2 
Xj + i.Xj 


Y = Xi+i , X = Xs} 

(A.1.2) 


be the equivalence relation on chains generated by: 


( 1 ) ( 

. . . , bj + l O (p^ + ^ 

{a),bj,. 

.~ ■ .,b^+i,ip^{a) obj,...) 

( 2 ) ( 

■ ■ ■! bj+1, f, bj, 

■■■)-{ 

...,bj+iofobj,...),fe¥, 


and the boundary cases: 

{f,bj,...) ~ {f obj,...) , {...,bs,f) {...,bso f) 


/gF {0Tf = ^^{a)) (A.1.3) 

(3) (..., © ^i+i ; bj © idx'j , bj-i , ...) ~ 

(..., bj+2 o (bj © J , {idx'. © bj+i) ° bj-i , ...) 


27 
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5,+i G , b, G , x'©x; = X, , X"©X'+2 = X,+1 , = ^.+2 

^ + 2 ’^ j-^r^' j 

or in diagram: 

X' 


jj (mod 2) 


^j + 2 - ^j + 2 ^; + 2 - ^ 

(■••>— © 4 © ^©^...)~(-.-,^ © ©^ © ©©^.••) 

604-1 V" V" ‘ T 


X 


j + 2 


X" 


and the boundary cases: I = j + 1,6 = j. 
We let By,x = ^y,xI ~- 

The composition Bz,y x By,x Bz,x is given by, 


f,/ r,' \ / (h u \ / \ ■ ■ ■ ’ ■ ■ • ’ 

{[b'i,,...,b'Yobi,...,bs)/ 


5' ^2 I 
6' ^2 I 
(A.1.4) 

It is well defined, independent of representatives (since o is associative). Fur¬ 
thermore it is associative and unital. 


(with identity: (idx)/ ~ = (*c?x)/ ~ = idx) (A.1.5) 

and therefore B is a category. It has the natural maps tpl : B^ ^ B , and = 

by (1). 

Define the map, 


®--Byo ,Xo X By,_,Xi ByoISYi,XoiBXi (A.1.6) 

by: ( 6 ),..., &^)/~ ©(5/,..., 65 )/~ = ( 6 ) © 5/,..., 6 ^ © 65 )/~ (A.1.7) 

Note that without loss of generality we can assume that I' = 1,5' = 5, (otherwise 
add identities). The map 0 is well defined and independent of representatives. 

Indeed, it is invariant by the 3 possible moves: 
move ( 1 ) : 

(..., &'+i, 6 ',...) 0 (..., bj+i o ifP+'^{a),bj, ...) = 

(..., 60 i©( 6 i-no 0 +i(a)), 5'© 6 j, ...) = (..., (& 0 i© 6 j+i)o(idjf^._^^ © 0 +^(a)), 6 '© 6 j,...) 

-V-" 

0a) 

i + i 

= (■•■, © bj+i,b'j © {ifP (a) o bj),...) 

~ (..., b'j_^^ e bj+i, (idx'^^ ® (f^ (a)) o(b'^ e bj),...) 

' -v-" 

ip^{idxf 0a) 
i + i 

= (..., 601 , 6 ',...) 0(..., bj+i,ip\a) obj,...) (A.1.8) 

move ( 2 ) : 

(..., 601,6^, 601,...) 0 (- • •, 6 ,+i, /, 6 ,- 1 ,...) = 
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(..., 6'_,_j©6j+i, 6'0/, ...) — (..., 6'_,_j©6j+i, {b'j@idxj+i)o{idx'.®f), b'j_i®bj 

~ ■ &' +i © bj+i,bb © idxj^, , 6'_i © (/ o ■ ■ ■) 

= (•■•) (^i+i©*^Xj+2)o(*'^x'^j©^i+i)) {b'j(Bidxj+i)oidx'.Q,Xj+i,b'j_i(B{fobj-i), ...) 

~ , (&j+i©*<ijs:,+2)> (^j©*dxj+2)) {‘idx'^®bj+i),idx'.Q,Xj+i,b'j_i(B{fobj-i), ...) 

~ (■ • ■ ,&j+i ©irfxj+2:^j ©*c?Xj+2:&i-i © (&i+i = 

= (..., 6'+i, 6'-, 6'_i,...) 0(..., idx^+^Adxi+^,{bj+i o fo bj-i),...) (A. 1.9) 
move (3) : 

(• ■ •, b'jj^2ib'j+ijb'j, ■ • ■) 0(6j+2, {id@b {bj © id), 6j_i) = 

(■ ■ •) b'j+2 © bj+2, ^)+i © {id © bj+i), bj © {bj © id), b>j-\ © bj-i ,...) = 

= (•■■, b'j_^_ 2 ®bj+ 2 , {b'j_^_^®id)o{id(B{id(Bbj+i)), {id(B{bj(Bid))o{b'j®id),b'j_-^®bj-i,...) 

~ , &j+2©^ j+2,6j+i©*rf, id®{bj(Bid),id(B{id®bj+i), b'j@id, 6' _j©6j_i,...) 

~ (..., &)_|_2©(6j+2o(6j©z(i)), (6)_|_i©i(i), (6)©z(i), 6)_]^©((i(i©6j_|_i)o6j_]^),...) 

= (... • ■ •) 0(- • ■ > {bj+2o{bj®id)),id,id, {{id®bj+i)obj_i) 

(A.1.10) 

It is than straightforward to check that B satisfy all the axioms of an F-7^ing. 

For FT?.* define the induced involution on B-. 

( )* : By,x ^ Bx.y (A.1.11) 

{{bi,...,bs)/-r = {b\,...,b\)/^. 

This operation is well defined since all moves are self dual, and B is an F-7?ing 
with involution. 

The map, 

f®f\{bi,...,bs)/-) = f{bi)o...of{bs), p:=f^od 2 (a.1.12) 

is well defined since it remains invariant under each move (1), (2), (3), and it is 
(the unique) homomorphism of F-7?ing solving the universal property (lA.l.ll) . 

□ 
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A.2 Equivalence ideals and quotients. 

Definition A.2.1 

For A G ¥TZ,( resp. A e ) an equivalence ideal (resp. t-equivalence ideal) 
is a sub-¥-TZing (resp. with involution) £ c A]q A s.t. 

£y,x £ Ay^x n Ay.x is an equivalence relation on Ay^x-, (A.2.1) 

equivalently, we have a collection of equivalence relations ~ on the Ay^x’s, com¬ 
patible with the operations: 

a~a => boaod~boaod (A.2.2) 

a ~ a' a©ifi~a'0id (A.2.3) 

(and therefore ag ~ a'g, ai ~ a{ oq © ai ~ ag © a^) 
and in the presence of an involution: a ~ a' a* ~ (a'Y (A.2.4) 

Given an equivalence ideal £ of A, let 

Al£= Ay,xI£y,x, (A.2.5) 

y.jfeF 

and let TT : A ^ A/£ denote the canonical map which associates with a G Ay,x 
its equivalence class 7r(a) G Ay,x/£y,x- It follows from (|A.2.21IA.2.4I) that we 
have well defined operations on A/F, 

7 r(/) 07^(5) = 

7’'(/) ©7r(g) = 7r(/©5) 

resp. 7r(/)* = 7r(/‘) (A.2.6) 

making A/F into an F-7^ing such that tt : A ^ A/£ is a homomorphism of 
F-7?.ings (resp. with involutions). 

Given a homomorphism of F-7^ings tp : A B denote by 

K.£n(ip) = A u }C£TZy,x(f) j 

B Y.XeF 

K-£T^y,x{f) = {(a,o') G Ay,x x Ay,x\f{^) = fW)}- (A.2.7) 

It is clear that IC£TZ((p) is an equivalence-ideal of A, and that ip induces an 
injection of F-77.ings Tp : A/]C£TZ(p) B, such that p = 'ipo'K, i.e. 

A- - -^ B 

(A.2.8) 

A/]C£n{p) p(A) 
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is a commutative diagram. Thus every map ip of F-72.ings factors as epimor- 
phism (tt) followed by an injection (jp). 


For a family {( 0 ^, 0 ')} e {A y. A)^, ai,a'^e Ay^^Xi let £ be the equivalence 
ideal generated by {( 0 ^, 0 ')}. 

We have {b, b') e F iff 3 path b = 60 , 61 ,bi = b', s.t. {bj-i,hj} the form 

{Cj o (aiQ) © idvj) odj, Cj o (a© idy^) o dj} (A.2.9) 

(or the form {cjo{alf^j^(Bidvj)odj, Cjo(aff^j^(Bidvj)°dj}, in the presence of involution). 

Indeed, if there is such a path b = b^,... ,bi = b', than bj) e £, and £ 

is an equivalence relation so {b, b') e £. On the other hand, the set of (&, b') 
s.t. there is a path b = bg,... ,bi = with {bj-i, bj} of the form (IA.2.911 . is an 
equivalence relation b b', satisfying 

5 ~ 6 ' => cobod^cob'od , b@id~b'®id, (and 6 * ~ 6 '*), (A.2.10) 

and hence it is precisely the equivalence ideal £ generated by {( 0 ^, 0 ')}. 

For example, for any F-72.ing A, we have the equivalence ideals £■? generated 
by the "?- commutativity" relation, and the associated quotient A- = Al£'!, 
giving rise to the diagram of surjections. 


^cent'l 




= A/£t. 


(A.2.11) 

The functor A 1 -^ is left adjoint to the embeddings (11.3.71) . FT?.? FT? 


Definition A.2.2 

For an £ c A]))[ A equivalence ideal, we say £ is tame if A/£ is tame. Thus 
a tame equivalence ideal £ is completely determined by the equivalence relation 
£i_i on Al l.- 


(a, a') e £y^x 


V & e Ai^yqz, d e Ajv®z,i, {bo}a@idz)od, bo}a'@idz)od) e £ 1 ^ 1 . 
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We have the following bijection: 

{tame equivalence ideals} 

1:1 

{S c Ai^i X Ai^i equivalence relation such that 
for (oi, o') e ,be Aij, d e {b o (©Oj) o d,bo (©o') o d) e £} 

For A e F7Z* take also (a, a') e £ (a‘, (o')*) e £ . 

Definition A.2.3 

o c Al l is an ideal if the following property hold: 

Uj G u, 6 G Ai j^ d G Aj i > b o (©Uj) o d g u 

and is a t-ideal if also: 

a G a of G a. 


Proposition A.2.4 

There exists a Galois connection of, 

z 

(a c Ai,i ideal} {£ ’^ Ai x Ai is tame equivalence ideal} 

E 

(a c Ai^i t-ideal} ^ {£ ^ Ai x Ai is tame t-equivalence ideal} 

Z{£) = {ae Ai^i, (a, 0)Gf} 

E{a)= f| f 

(a,0)c5 


where 



Chapter 2 


Examples of F-7?-ings. 


2.1 Things 

Definition 2.1.1 

A "TZig " is a ring without negatives. Thus a TZig is a set with two associative 
operations (+,•), with units 0 and 1, addition + being commutative, and mul¬ 
tiplication distributive over addition. A morphism between TZigs A ^ B is a 
map ip ■. A —* B which perserves operations and units. Thus we have a category: 
TZigs. We let CTZigs ^ TZigs denote the full .subcategory of commutative TZigs, 
i.e. where x-y = y-x. We letTZigs^ denote the category of TZigs with involution, 
its objects are rigs R with involution: 

if :R^R 

(x • yf = y* -x* 

{x + yY = X* -\-y* 

1 ‘ = 1 

0 * = 0 . ( 2 . 1 . 1 ) 

and the morphisms are morphisms of TZigs that preserve the involution. 

Note that the identity is always an involution on a commutative TZig, and so we 
have a diagram of categories and functors 


TZig* 


CTZig '-^ TZig 


( 2 . 1 . 2 ) 


33 
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We shall write N (resp. [0, cx))^^) ) for the rigs of natural numbers (resp. non¬ 
negative reals) with the usual operation of multiplication • and addition +. We 
shall write N° (resp. [0, oo)(°)) for the "frozen" rigs where x + y := Max{a;,y}. 
Moreover, for p ^ 1 (or 1/p e (0,1]), we write [0, oo)(^/p) for the rig of non¬ 
negative reals with x + y := (x^ + and with the usual multiplication •. 

Note that the rigs [0, cx))^'^) interpolate continuously between the frozen (cr = 0) 
and the usual (cr = 1) reals, and that for a G (0,1] they are all isomorphic via 
: [0,oo)('^i) ^ [0,oo)('^=^) , 4)^1 (a;) = The multiplicative group of 

positive reals act as automorphisms of the frozen rig [0, cx))(°) via x i—> 4 >ct(x) = 
For any q e (0,1), we have the sub-rigs Mq = {0}u(7^ c [0, c [0, cx))(°\ 
and Nq = {0} [0, cx))(°), and the multiplicative monoid pf positive natural 

numbers act as endomorphisms of Mq and Nq via q^ i-^ 4>„(gl) = gl". 


Definition 2.1.2 

Let R G TZig. Define R'^l~ by 


R+l- =Rx R, 


(n+,n_) -I- (m+, m_) = (n+ -I- m+,n- + m_), 

(n+,n_) • {m+,m-) = (n+ • m+ + n_ • m-,n+ • ni- + n_ • m+). 
There is an equivalence relation ~ on : 

(n+,n_) ~ (m+,m_) n+ + m_ + r = m+ + n- + r, some r e R. 


such that we have. 


a ~ a',b ~ b' 


a + h a' + h' 
a - b a' ■ b' 


We have the sequence of Rig homomorphisms. 


R+/-/~ EEE K{R) 


(n+, n_) I —n+ — n_ := (n+, n_)/ ~ . 

The rig K{R) is a ring, and for any ring A, 

TZing{K{R),A) = TZig{R, A). 

If R has involution (resp. commutative), than R'^l~ and K{R) have involution 
(resp. are commutative). We get adjoint functors, 

CTZing -^ Ring* -s- Ring 


K[ \u K[ \u K\ \u 


CRig 
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Definition 2.1.3 

For any Rig A, let A - X = A^ be the free A - module with basis X , and define: 

= Hom^(A ■ X, A ■ Y) = Y x X - matrices with values in A. 

The composition o is matrix multiplication, and 0) is the direct sum of matrices. 
Clearly F(A) is an F-7^ing. Note that a morphism of Rigs ip : A B, induces 
a map of F-7?.ings 

F(v?) : F(y4) F(R), 

hence we have a functor 

F( ) : TZigs —> F7^. 

Note that if A e TZigs* has involution, than F(A) e ¥TZ* also has involution: 
for a = {ay^x) e we have a* G F(0x,v , {a*)x,y = i^y^xY , and it 

satisfies {a o bfi = b* o a*. Thus we have a functor F( ) : TZigs* ¥TZ*. Note 
that if A G CTZig is commutative, than F(A) is totally-commutative. Thus we 
have the diagram of categories and functors 


Note that F(A) 



(2.1.3) 


Moreover let p : F(yl) —> F(i?) be a map of F-7^ings. For a G F(A)y_jf write 
o-y,x = jy ° a o jx; G ^ = F(yl)[i]_[i], (2.1.4) 

for its matrix coefficients. 

Since is a functor over F, and j*y,jx e F, we have p{a)y^x = F{^y,x) 
and p is determined hy p : A = F(^)|-]^] —> R = F(i?)|-]^] This map is 
multiplicative: p{ai - 02 ) = piai) •p(a 2 ) , </?(!) = 1, and moreover it is additive: 


p{ai + a2) = p 


(oi, 02) o 



{p{ai),p{a 2 ))o 



p{ai) + p{a2) (2.1.5) 


Thus the functor F( ) is fully faithful. 
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Definition 2.1.4 

Define, 

= commutative monoid objects in 

That is, A e is the same as an addition map Ay^x x Ay^x ^ Ay^x 

which is associative, commutative, has a unit element Oy^x, o-nd satisfies, 

ao{b+b') = aob + aop, {a + a') ob=aob +a'ob, , {resp.{a + bfi = a* + b*). 

The cateqory of abelian qroup objects is the full subcateqoru c (FTZ^*l)^‘^‘^. 

We have A e (F7Z(*^)^^ ^ Ayx e Ab, VX,YeF. 

For a rig (resp. ring) R, the F-7?.ing F(i?) is in (FT^)"^'^'^, (resp. (FT?.)"^^), and 
we have a similar diagram as before, 



( 2 . 1 . 6 ) 

2.2 Monoids 

Definition 2.2.1 

Let M be a monoid with a unit 1 and a zero element 0. Thus we have an 
associative operation 

M X M ^ M , (o, 5) I—> o • 6, 

a ■ (b ■ c) = {a ■ b) ■ c (2-2.1) 

and 1 e M is the (unique) element such that 

1 • a = a • 1 = a , a e M, (2.2.2) 

and 0 B M is the (unique) element such that 

0.a = o-0 = 0 , oeM. (2.2.3) 

Let F{M} denote the F-TZing with F{M}y^x the Y x X matrices with values in 
M with at most one non-zero entry in every row and column. Note that this 
is indeed an F-TZing with the usual "multiplication" of matrices o (there is no 
addition involved - only multiplication in M) and direct sum ©. 
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Denoting by A4on the category of monoids with unit and zero elements, and 
with maps respecting the operation and the elements 0,1, the above construction 
yields a functor 

Mon^FTZ , M ^ F{M}. (2.2.4) 

This is the functor left-adjoint to the functor 

FTZ A4on , A i—> yl[i] : (2.2.5) 

F7e(F{M}, A) = Mon{M, (2.2.6) 

As a particular example, take M = Mq to be the free monoid (with zero) 
generated by one element g. 


Mq = q^yj {0}. (2.2.7) 

Then 

F7e(F{M,},A) = (2.2.8) 

Denote by Aion* the category of monoids with involution (i.e. the objects 
are monoids M e A4on, with involution ( )* : M —> M, = x, (x ■ yY = 
y* • X*, 1* = 1, 0* = 0, and the morphisms respect the involutions).We have an 
involution on F{M} for M e Aion}, so that we have a functor, F{} : A4on* —> 
FT?,*. Denote by CA4on c Aion the full subcategory of commutative monoids 
(i.e. where x ■ y = y ■ x). For M e CA4on,F{M} is totally commutative. Thus 
we have the diagram 

Mon* -^ FT?* 

Mon --> FT? (2.2.9) 

CMon > FT?tot-com. 

Note that F{M} is always a matrix F-T?ing, and the functors F{} are full and 
faithful. 


2.3 Set.Set^P Q 7^e/ Q F(N^). 

Definition 2.3.1 

Let Set denote the F-T?my of sets. The objects of Set are the finite sets ofF, 
and we let Sety.x be the partially defined maps of sets from X to Y 


SetY,x =Set.{X,Y) = 5eto(l? u {0}, F u {0}). 


(2.3.1) 
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We can view the elements of Sety.x as Y x X -matrices with values in {0,1}, 
such that every column has at most one 1; 


/ 


(/)y.. 


with {f)y,x = 


y = fix) 

otherwise 


(2.3.2) 


Than composition o corresponds to matrix multiplication; The disjoint union 0) 
correspond to direct sum of matrices. These make Set into an ¥-TZing (with no 
involution), which is matrix and totally-commutative. 

We have the opposite F-7?.ing Set°^ with 

Set^x = Setx,Y- (2.3.3) 

We have the F-7^ing of relations TZel that contains both Set and Set°P, with 
ndy.x = {F^Y X X a subset} := {0,1}^''^. (2.3.4) 

The composition of F e TZely.x and G e TZelz,y is given by 

G o F = {{z, x) e Z X X|3 y eY with (z, y) e G, (y, x) e F}, (2.3.5) 

and G o F e TZel z.x ■ 

When we view G, F as (0,1} -matrices, this composition correspond to "matrix 
- multiplication" where we replace addition by Max{x,y}. 

The sum Fq © Fi e Fe/Yo©Vi ,Xo®v:i of F^ e TZely.^Xi is given by the disjoint 
union of Fq and Fi, 

Fb © -Fi = {((a;, i), (y, *))|(a;, y) e Fi} or by direct sum of matrices. (2.3.6) 

Thus TZel = F({0,1}) is the F-7?.ing with involution associated to the rig {0,1} 
with usual multiplication •, and i + j = Max{i,j} as addition. 

Thus TZel is totally -commutative,matrix F-7^ing with involution. The embed¬ 
ding of rigs {0,1} ^ gives an embedding of F-7?.ings TZel = F^{0,1} 
F(N°). 



2.4 Real primes 


Let ?7 : k C be an embedding of the rig k into the complex numbers. We have 
an injection of F-7^ings F(k) F(C) . For X e F, let k^ = F(k)jf [i] denote 
the free k-module over X. Thus for a = (a^) G k^, and p e [1, cx)], we have the 
vector p - norm: 



, pe [l,cx)) 


(2.4.1) 
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|a|oo = Max \riiax)\ 

xeX 

and for a = {ay^x) £ we have its operator p - norm: 

||a||p = Sup ]|ao6|p[ 

6ek^,|6|p^l ^ ' 


e.g. 


(1,..., 1) lip = Sup 1^1 H- 't^n\=ri' l=n^lP. 

'---' |?i|'>+...|?„|'>s:i 

n 

1 


1 


1 ( 1 ,•■•, 1 ) 11 : 


sup ( E icr) 
ICIsSl / 


1 \ 


1 / 


= n^^p' ■ n^^P = n. 


(2.4.2) 

(2.4.3) 

(2.4.4) 

(2.4.5) 

(2.4.6) 


Definition 2.4.1 

Define the sub- ¥-TZing O^^p ^ F(k) as follows: 

= {« e ¥{k)Y,x = k^x^ , ||a||p ^ 1}. (2.4.7) 

As a sub-F-77,ing of F(k), the F-7^ings a e [0,1], are matrix and totally - 
commutative. 

Note that in general, has no involution, in fact we have(by Holder’s in¬ 
equality: the dual of the p- norm is the p'- norm, where y = 1 — 

{Ol^yp - Oly for 0 < a < 1. (2.4.8) 


Definition 2.4.2 

1 /2 

Let 0\^ri '■= p *■5 ® ¥-TZing o/F(k), hence totally - commuta¬ 

tive, and matrix, and at a = ^ (i.e. using the L 2 -norm) it has involution! 

Definition 2.4.3 

Define Fk,p G ¥TZ*, 

(Fik,p)y._^ = {/ : D{f) ^ I{f) , D{f) c , /(/) c k''^ are k -subspaces, and, 
f is k-linear and an isometry : |/(w )|2 = (2.4.9) 
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Note that when the composition g o f is defined we have: 

Dig o /) = r\Dig) n /(/)) , I{g o f) = gp(g) n /(/)). (2.4.10) 

There is a surjective homomorphism of F-7^ings with involution, (j) : Ot^ri —>* 

For a e {Oii.r))Y,x £ define Ax = a* o a, Ay = aoa‘, and let lAs:[A] 

(resp. VV[A]) denote the A - eigenspace of Ajc (resp. Ay). 

The operator Ax (resp. Ay) is non-negative and we have the spectral de¬ 
composition = 0Vx[Aj] , Ax = ®>^i-idvx[\i] (resp. = 0Vy[Aj], Ay = 

i i i 

0Ai • *dvv[Ai] )^ with eigenvalues Ai e [0,1], and the non-zero eigenvalues are 

i 

the same for Ax and Ay including multiplicities. 

For A > 0 we have isomorphisms: 



For A = 1 we have an isometry: 

4>ia) = {a : Vx[l] —> Vy[l]} e (Fij,,,)y,x- (2.4.11) 

This defines the homomorphism </>: Ok.Ty Fij_^. Note that Ft^,; is (as quotient 
of Ok.r;) totally - commutative. It is our first example of an F-72.ing which is 
Not matrix: 

Indeed, any vector x = {xi, ..., x„) e (Fk^^)i_„, with Xir=i but with 

|77(a:i)| < I for i = I,..., n, is non- zero, but all its matrix coefficients are zero. 
But note that F^^^ is tame. 


2.5 Valuation F-7?.ings: Ostrowski theorem 

Definition 2.5.1 

A commutative ¥-7ling with involution K e CWTZ* is called an¥ - field if every 
non-zero a G [i]\{0} is invertible (have a~^ G with aoa~^ = a“^oa = 

1 = id[i]). 

A sub-¥-TZing with involution B K is called full if 
(1) for every a G Ky.x, X,Y G F, 
there exists a non - zero element d G with 

d ■ a = (©d) o a = a o (©d) e By,x 

(This means that K is the fraction-field of the domain B, i.e. K = = 

(i?[i]_[i]\{0})“^ • B the localization of B at the prime (0), cf. td.dl) . 

IFe will say that B is tame in K if for X, T G F we have an equality: 

(2) By,x = {a g Ky,x \ for all b G Bi y, d G Bxp, 6 o a o d G Bi i}. 
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A sub-¥-TZing with involution B, full and tame in K, will be called a valuation-¥-subring 
of K if for every non-zero a G i4ri_i\{0}, 

(3) either aeBii or G 

Given ¥-fields k c K, we denote by Val{K/k) the set of all valuation-¥-subrings 
B c K, such that B ^ k. 

Let i? be a valuation - F- subring of an F-field K. The group of units: 

B* = GLi{B) = {a G | 3a"^ G , a o a"^ = 1} 
is a subgroup of 

K* = GLi(iL) = 

The quotient group T = K*/B* is ordered: |x| ^ \y\ x-y~^ G i?ip, where 

\x\ = X ■ B* is the quotient map | | : K* L. We extend this quotient map by 
|0| = 0, to the map 

I I : = r u {0} 

satisfying 

{!) 

|a;| = 0 a; = 0 

\xi • X 2 I = |xi| • \X2\ 

|1| = 1 (= unit of r). 

We can embed L in a complete ordered abelian group T, (e.g. T = all dedekind 
subsets I? c r), so that for every subset F c r which is bounded above (resp. 
bellow) there is a unique least upper bound sup F G T (resp. maximal lower 
bound inf F G T). We can than define for X, F G F the two maps 

I \y,x , I \'y,x ■ b:y,x ^ f u {0} 

(0 \y\Y,x = sup{|6oj/o6'|,6g Biy,b' e Bx,i} 

(**) \y'\Y,x = K* , d-ye By,x } 

(II) Claim: \y\Y,x = 

Proof. Note that for y G Ky,x, there exists d G K* with d ■ y e By,x, and for 
b G Bi Y,b' G Bx.i we have bo {d ■ y) ob' e Bi i, and so 

\boy ob'\ = |(i“^ ■ b o (d ■ y) o b'\ = ■ \bo (d- y) o b'\ ^ |d|~^. 

This shows that the set in (i) (resp. (ii)) is bounded above (resp. below), and 
we have the inequality: \y\Y,x < |j/|yx- 

Conversely, given y G Ky,x, if d~^ G K* is such that ^ \y\Y,x, that is: 

MlTi ^ \bo y o 6'|iq for all b e Bi y, b' G Bx,i, than bo {d ■ y) ob' e Bix for all 
b G Bi y, b' G Bx,i, and (since B is tame in K) this imply d ■ y B By,x, hence 
Mlrj > \y\YX^ giving the reverse inequality: |y|y,x > ll/lyx- ^ 
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(III) Claim: 

(i) |a o a'l ^ |a| • |o'| 

{ii) |ao © ai| = max{|ao|, |ai|} 

(in) |a‘| = \a\ 

Proof, (i): If d,d' e K* are such that > \a\, \d'\~^ > |a'|, than d- a,d' ■ a' 
are in B, so {do d') ■ ao a' = {d ■ a) o {d' o a') is in B, and |c?|“^ \d'\~^ > |a o a'|. 

(ii) : If (iojdi e K* are such that do • oo,di • ai are in B, and if \dj\ ^ |di-j| 

than dj • ao,dj • ai are in B, so dj • (ao © oi) = (dj • ao) © (dj ■ ai) is in B, 
so |ao©ai| ^ = max{|do|~^, |di|“^} Taking the infimum over all such 

do,di we get |ao©ai| ^ max{|ao|, |ai|} = \ajg\, say. The inverse inequality 
follows from (i) since aj^ = f o (ao © oi) o /, with /', / arrows of F c so 
l©ol < l/'l • |ao©ai| • I/I ^ |ao©ai|. 

(iii) This follows since we are assuming B ^ K to he stable under the involution, 

so a e By x if and only if a* e Bx,y ■ □ 

Let r be a complete ordered abelian group, written multiplicatively, and 
form the ordered abelian monoid T u {0}, with 0 • x = 0,0 < x for all x G T. 
Given a collection of mappings 

I |y,x : Hr,x ^ T u {0} 

satisfying (III), with | |ij satisfying (I), the subsets 

By,x = (aeKy^x, |a| ^ 1} 

form a sub-F- ring with involution B K. If we have the equalities for y G Ky x 

(II) (*) |y|r,x = sup{|6oj/o6'|i i ; |&|i x,|&'U,i < 1} 

(it) =inf{|d|/j; deK* ,\d-y\y,x^l} 

than B is full (by II ii), and tame in K (by II i), and it follows that i? is a 
valuation-F- subring of K. 


Theorem Ostrowski I 

I^a;(F(Q)/F{±l}) = {F(Q), F(Z(p)), p a finite prime, 
where Oq ^ is the real prime. 

Proof, cf. Appendix [BJ □ 
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Theorem Ostrowski II 

For a number field K, 

Val{¥{K)/¥{^lK}) = {F(X) ; ¥{Ok,p) ; 

with Ok.p the localization of the ring of integers Ok o,t prime ideals p c Ok, 
and with OK,ri, the "real primes" of K, rj varies over the embeddings r] : K ^ C 
modulo conjugation. 

Proof, cf. Appendix [Bj □ 

Remark 2.5.1 

Note that for any a e [0,1]) the sub-F- ring c F(Ar) satisfies (1),(2),(3) 
of definition (2.5.1), i.e. it is full and tame valuation F- subring. Alternatively, 
the operator p = 1/ct- norm satisfies (I),(II) and (IIIi),(IIIii). But only at 
(T = = 2, we have an involution on 

Thus it is the presence of the involution that singles out the L^- metric at the 
real primes. 

2.6 Graphs 

Definition 2.6.1 

A graph G is a pair of finite sets {Go,Gi) with two maps: 



where G^ - ’vertices’ ,G^ - ’edges’. 

Given such a finite graph we get a category CG: the objects of CG are the 
elements of Gq, and the arrows of CG are given by "paths": 

Ob{CG) = G°, 

CG{x,y) = {e= (ej,... ,ei) \ei G G^,Tr°{ej+i) = 7r^(ej),7r^(e;) = j/,7r°(ei) = x}. 

( 2 . 6 . 2 ) 


Definition 2.6.2 

Given such a path e = (e;, ...,ei) G CG{x,y) we shall say that e "begins" at x, 
"ends" at y, and for a vertice z G we say e "goes through z" and we write: 


zee l/c, z = 7r*(efe), i G {0,1}, 

(2.6.3) 

for an edge Cq G G^, write: 


Cq g e lA:, cq e/j,. 

(2.6.4) 
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Note that for a vertice a: e G°, we have 

idx = "empty path" at a; G CG{x,x) 

Assume G has no loops: CG{x,x) = {idx},^x G G°. 
o Every path can be extended to a maximal path, 
o Every maximal path begins at In{G) = G°\7r^(G^). 
o Every maximal path ends at Out{G) = G^\tt^{G^). 

We denote by m{G) the set of all maximal paths. 

m{G) 

Out{G) In{G) 

7ri(ei,...,ei)=7ri(ei) ^^(ej ,...,ei)='7r0(ei) 




(2.6.5) 


( 2 . 6 . 6 ) 


We define an F-7?,ing with involution: Graph G WTZ*. 


(1 \ ( ^ ^ 1 ^ ^ ^ ^ 1 /• 
{Graph)Y,x = ) G = G^ ^ G° > no loops + ^ . Qut G ^ Y 

(2.6.7) 

(i.e. modulo isomorphisms of graphs that respects the embeddings i and o.) 
For G G {Graph)Y,x and Xq ^ X, define G[Xo]: 

vertices: xgG°, 3eGm(G), x e e . 7r°(e) G Xq. 

edges: cq G G^, 3eGm(G), ep G e , 7r°(e) G Xp. 

and for Fp c Y, define [Fp]G: 

vertices: x G G°, 3eGm(G), x G e , 7r^(e)Gyp. 

edges: ep G G^, 3eGm(G), ep G e , 7r^(e) G Fp. 

We also let, 

[Fp]G[Xo] = [Fo]G n G[Xo]. (2.6.8) 

For G G {Graph)Y,x, G' G {Graph)zY ^ l^t Fp = In{G) n Out{G') c F, 
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G'oG = G'[Yo] u [yo]G 
^0 


The operation of composition is defined by gluing G'[yo] and [4o]G along Yq: 

( 2 . 6 . 10 ) 

The sum in Graph is given by the disjoint union: 

Gi G (^Graph)Yi,Xij Go©Gi = GoUGi. (2.6.11) 

The involution is given by reversing the directions of the edges of the graph: 


(G = G^ G°y = {G = G^ G°) ■ {Graph)Y,x ^ (Graph)x,Y- 


( 2 . 6 . 12 ) 


E.g. the "discrete" graphs G in (Graph)Y,x, (i-e. G^ = 0 and G is just a 


set 


G^> = In G = Out G 


with embeddings into X and into Y), give the elements of F: 

= {G° ^X, G° ^ Y}lisom c {Graph)Y,x 

Graph G ¥TZ* is not even central, not matrix , but it is tame. 
Note that we have a homomorphism of F-7?,ings : 


(2.6.13) 

(2.6.14) 


(j) : Graph ^ ¥(N), (l)(G)y^x = He G m(G), Tr^(e) = x,Tr^(e) = y} (2.6.15) 

2.7 Free F-7?.ings 

We have an F-7?.ing F[(5v,x] e F7^, such that for any A G ¥7Z, 

F7^(F[(jv,x],^) = Ay,x, P ^ t(^y,x), (2.7.1) 

and similarly, we have an F-77ings with involution F[5y_x0vx] ^ F77.‘, such 
that for any A G ¥7Z* , 

¥n\¥[5Y,x,5yxlA) ^ Ay,x- (2.7.2) 

The elements of ¥[6y,x]w,z can be written as sequences of maps in F, 

(/q fji /o), with fj G ¥(^i.^^^x)e,Vj+i,iij^Y)e,Vj, I > j > 0, 

fo s'^{iiiS)X)eVi,z ,/i e Fw,(7igy)evi ) (2.7.3) 

modulo certain identifications. Such a sequence represents the element 

fio---o fjO ((©5y,x) © idvj) o fj-i o • • • o /i o ((©5y,x) © idvH o fo- (2.7.4) 

ij It 
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These elements can also be described as marked graphs". The full 

(Y, X) - graph is given by 

My,x)=x ^2.7.5) 

\ J Tri{y,x}=y. 

5y,x e Graphy^x 
In{5Y,x) = ^ 

Out^Sy.x) = Y 

e-g-, 



(2.7.6) 

A {Y,X)- marked graph from Z to IT is given by a graph of the form 

G = (J (g) T (g) a: © 3 (J (g) T) © (J (g) a:) © ITo © Zo) (2.7.7) 


with Zo c Z, TTo e IT, 7r°(j, y, x) = (j, x), 7ri(j, y, x) = (j,y) , and are 

injections on G^: 

ttO : G^ (0 Y) © Zo 

jeJ 

: G^(0 X) © ITo (2.7.8) 

jeJ 

we shall assume it has no loops and that for every j e J, there is y e T, (resp. 
X e AT), and a path going from {j,y) to Wq, (resp. from Zq to (j, x)). Thus a 
(Y,X) - marked graph is a graph that can be made out of a disjoint union of 
the full {Y,X) - marked graphs 6y,x (one copy for each j e J), and some partial 
bijections. An isomorphism of such {Y,X) - marked graph G = (J, G^, 7r°, tt^) 
and H = (7, 7r°, tt^) is an isomorphism of graphs (j) : G ^ H, that is 

compatible with the maps into IT and Z, but is such that for some bijection 


„ . T r y, x) = {(T{j),y, x) 

(t^{j,y) = W{j),y) 

<p{j,x) = {<T{j),x). 


(2.7.9) 



CHAPTER 2. EXAMPLES OE W-TZINGS. 


47 


The marked {Y,X)- graph associated to a sequence (/j,...,/o) as above, 

i 

(|2.7.3I) . (I2.7.4I) . is obtained by taking J = @Ij, and adding an edge from {ii,y) 

i=i 

to { 12 , x) if and only if {ii,y) e D{fiJ, fi^{ii,y) e Vt^+i n o 

/*i(*i,y) e = { 12 ,x) (and similarly for 

an element of Z, resp. W, instead of (*i, y), resp. ( 12 , x)). We can now describe 
¥[6y,x]w,z as {Y,X) - marked - graphs from ZioW modulo isomorphism. 

There is actually a "canonical form" (in fact two "dual" canonical forms) for 
G e F[(5y^x]- Thinking of G as a marked (F, X) - graph G = (J, G^, 7 r°, tt^), let 

Ji = {j e J|Ve e G\ 7 r°(e) = (j,y) ^ 7 r^(e) e IT} 

^2 = {7 e J|Vee G\ 7 r°(e) = (j,y) ^ 7 r^(e) e IT or 7 r^(e) = (/, x), j'e Ji} 

Jk = {j e J|\/eG G\ 7 r°(e) = (j, y) ^ 7 r^(e) e IT or 7 r^(e) = {j',x) with f e |J J,} 

i<k 

(2.7.10) 

uo,o = {e e G^| 7 r°(e) e Z, n^{e) e IT} 

Uij = {e e G^| 7 r^(e) = (ii,a:), 7 r°(e) = (io,y),for io e , ii e Jj}, 0 < i < j < k 

uo,j = {e e GV^(e) e IT, 7 r°(e) = {i,y) , ie Jj} 

Ujj = {e e G^| 7 r^(e) = (i,a;), , 7 r°(e) e Z , ie Jj] (2.7.11) 

Then the canonical form of G is given by the non-empty sets Ji,..., J/c, the 
finite sets {uij}o^i^j^k, and the embeddings 

(*) W , @Ujj ^ Z 

j j 

io^j 

(Hi) Jjo {X)X (2.7.12) 

isSjo 

the embeddings in (ii) and (in) are "dense" in the sense that for each j e Ji^ 

(resp. j e Jj^), there is an x e X (resp. y e T), such that (j, x) (resp. (j, y)) is 
in the image. 

Remark 1 

There is a dual canonical form obtained by taking instead 

Ji = {j e J|Ve G G\ 7 r^(e) = (j,x) ^ 7 r°(e) G Z} 

J 2 = {j e J|VeG G\ 7 r^(e) = (j,x) ^ 7 r°(e) G Z or 7 r°(e) = {j',y),j' G Ji} 


etc. 
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Remark 2 

Similarly, any element G G F\5y,x,5y x\vv,z can be described as a graph made 
out of disjoint copies of 5y,x and of 5x,Yi and has canonical form 

J2,h, ■ • ■, Jk,Ik,Uij , 0 ^ i < j ^ fc) (2.7.13) 

where now Ji@ L A 0 for i = 1,..., fc, and the embeddings 

(i) W , ^Ujj ^ Z 

3 3 

{ii) 0 ^ g) X) © (4 © Y) 

io^j 

{Hi) 0 -- {Jj, © r) © (© X) (2.7.14) 

i^jo 

the embedding in (ii) and (iii) being dense (the image meets every copy of X 
and Y ). 


Definition 2.7.1 

IdTien G has such a cannonical form we shall write degG = k. 

Thus an element of degree 0 is just given hy the set uq^o the embeddings 
t6o,o Z,uo^o ^ W, i.e. it is just an element o/F; 

Fw.z = {G G F[Sy,x]w,z , deg G = 0} . (2.7.15) 

UTien degG = 1, we have the embeddings 

Mo,o©'ao,i W , uofi0uis Z 


uo,i 01" , 0X (2.7.16) 

Jl Jl 

giving the elements 

foo = {W uoo Z) e Fw,z 

foi = {W woi 01") ^ 

Jl ■'i 

/ii = (0-^ ■an ^ Z) e F(^x,z (2.7.17) 

Jl •'1 

and 

G = [/oi o (0(iy,x) o fii] © foo- (2.7.18) 

Jl 

In general we have: 


deg(Go©Gi) = max{degGo,degGi} 
deg(i7 o G) < deg(i7) + deg(G) 


(2.7.19) 

(2.7.20) 
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and for F[(5y^X) xl- 


degG* = degG. 


More generally, given G e ¥TZ, and given I e Set/¥ x F, i.e. a set 
mapping / ^ F x F, i {Yi,Xi), we have the F- ring 

C[6i] = C[Sy„xL *£/]:= G(x) (x)F[5v.,xJ, 

F isi 

and we have the adjunction (with U the forgetful functor): 


G\F7^ 



G\F7^ C[5i],A 


Set/¥ X F 



Set/¥ X F 


Similarly, given G e FT?.*, and given I e {Set/¥ x F)*, i.e. J is a 
maps di : / —> F, i = 0,1, and an involution I —> I,i (**)* = d( 
di(i), di{P) = do(*)i we have the F-7?ing with involution 

G[(5/,4] :=G(x) (X) G[<5y„x.,^v,.xJ, 

and we have the adjunction 


G\F7?‘ 



G\F7?‘ C[5i, 4], A = ( Set/¥ x F)* J, GA 


{Set/¥ X F)‘ 


2.8 ¥[GLx] 


We have the functor GLx ■ FT? ^ Grps (ll.2.24p . 

GLx{A) = {a G Ax,x^ 3 a ^ g ^x,x a o a ^ = a ^ o a = idx}- 
It is representable: 

GLx (A) = FT?(F[GLx],^) 

F[GLx] = F['5x,x] <2) ®'[i5x x] /{'^x.x o <5x x ~ ^x x o G,x ~ idx 
The following structure exists on F[GLx]: 
m* :¥[GLx] ^ ¥[GLx] ^¥[GLx] 


F 


(co-multiplication) 


<5x.x 

<5^,x 


(5^°^ o d'- 
"x.x ” "x,x 

jdi) ^Ao) 
"x,x " "x.x 


r(l) 


(2.7.21) 

I with a 

(2.7.22) 

(2.7.23) 

set with 
) o {P) = 

(2.7.24) 

(2.7.25) 


( 2 . 8 . 1 ) 

( 2 . 8 . 2 ) 

(2.8.3) 


(2.8.4) 
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e* :¥[GLx] ^ F (co-unit) 

^x,x ^ idx 
dx,x '^dx 

S* :¥[GLx] ¥[GLx\ (co-inverse (antipode)) 
dx,x ^ d'x^x 
d'x,x ^ dx,x 


(2.8.5) 


( 2 . 8 . 6 ) 


These make ¥[GLx^ into a group object in (F7 ^)°p. 

Also if there is an involution then GLx '■ FT?.* —» Grps is represented by 
F[GLy gFT?*, 


¥[GL*x] = F[(ix.x, 4 .x] ® F[5', (4.x)‘]Ax,x o S'j 


x,x 


4.x o dx,x 


~ idx 
(2.8.7) 


2.9 The arithmetical surface: £ = F(N) (gljp F(N) 

Consider £ = F(N) (x)|f F(N). As a particular example of (IA.2.11II we have: 


£cent'l 

£ = F(N) ® F(N) 

1—com 

(2.9.1) 

Note that the diagonal homomorphism diag : £ = F(N) {x)|p F(N) ^ F(N), 
factors through a surjection d : ^ F(N), since F(N) is totally commu¬ 

tative. We have the following 







Thm : not isomorphism 


tot.com d 


>>F(N) 


Theorem 2.9.1 

(1) The composition do f : _» F(N) is an isomorphism (and hence both 

d and f are isomorphisms). 

(2) The composition dog: —> F(N) is not an isomorphism. 

Proof. (1) Note that the F-7?ing F(N) is generated by the elements a = (1,1) e 

F(N)i .2 and cr* = ^ | ^ e F(N) 2 .i, with certain relations: F(N) = F < cr, cr* > 

. It follows that £ = F < a,a*,a',{a'Y > is generated by cr, cr* and a',{a'Y 
coming from the left and right factors of £ = F(N) (2)]p F(Nt 
From 1 — commutativity we have: 


tr o (cr' 0 cr') = a' o [a ® a) 
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a o (idi © idi) = a' o {idi © idi) 


a = a o id 2 = a (B = o’'. (2.9.2) 

Thus 1—commutativity imply a = a', and similarly cr* = {o'Y, and do/: 
£i-com F(N) is an isomorphism. 

In a pictorial way we see this as follows: 



(2.9.3) 

(2) Recall that elements of Cy,x = (F(N) ©jp F(N))y^jf, are given by a sequence 
of sets X = Xq, Xi,... ,Xi = Y, and Xj^i x Xj -matrices over N, coming from 
the left ”1”, or right ”r” copies of F(N) (depending on the parity of j). Thinking 
of an XjYi X Xj -matrix with values in N, Bj, as a set with maps 

Zj ^ XjYi, 



I = 0,1. 
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(via {Bj)x'^x = '^0 ^( 2 ^)) ) obtain a graph with no loops 

G={G^ = uZj ^ G° = uXj}, (2.9.4) 

j ^0 3 

with a mapping /i : G^ ^ {I, r}. 

Eliminating from our matrices rows (i = 1) , or columns (i = 0) , which are 
zero we may assume there are no such rows or columns. 
zero reduction : 

If ^ G G^\(Y U X) is such that 7r“^(^) = 0, I = 0orz=l 
^ G~(Gi\7r-\(0,G°\{0). 

After a finite number of zero reductions we may assume with out loss of gen¬ 
erality that G is zero -reduced: every path in GG extends to a maximal path 
beginning in In G =—> X and ending in Out G ^ Y. 

Set, 

^ {G = {G^ ^ G°}, : G^ -* {l,r} , fi{TT~^{x)) = / or = r, no loops & 

1 zero-reduced, In G = G°\7r^(G^) X , Out G = G°\7r°(G^) Y 

(2.9.5) 

If (G,/z) G Ay^x, x',x G G°, e G G^ are such that 'Kq'^{x') = {e} = 7r)"^(a;), i.e. 
e is the unique edge going out of x', and also the unique edge going into x, than 
we can form the graph 


G' = (GMe} , G°/{x' ~ x}). (2.9.6) 


by throwing out the edge e, and identifying the vertices x' and x. We say G' 
is obtained from G by I-reduction. If there are no such x, x', e in G, we say G 
is one-reduced. After a hnite number of I-reductions we obtain a one reduced 
graph. If (G, /z) is both zero- & one- reduced, we say it is F -reduced . 

We can relax the condition on the matrices to alternate between and ”r”, 
if we remember that consecutive matrices both ’’f’ or both ”r”, are allowed 
to be multiplied, and in the description of N -valued matrices as sets, matrix 
multiplication corresponds to taking fiber products. 

Define l/r- reduction: For a graph G, and x G G° such that 


/z(7ri ^(x)) = p(7ro ^(x)) {= I oy = r) 


G~ G = 


Gi\(7ri (x)U7ro (x)) 


u 


TTi ^(x)n7ro i(x) 


G°\{x} 


(2.9.7) 


with: (e, e^) G TT^ ^(x)n7rQ ^(x), 7ri(e, e^) = 7ri(e^), 7ro(e, e^) = 7ro(e) 
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The inverse passage from G to G will be called l/r -inflation. A Graph (G, p) e 
Ay,x is then l/r -reduced when for all x e G°\(/n G u Out G) 

= {l,r} (2.9.8) 

We have a canonical form to any (G, p) e Ay^x obtained after a finite number 
of l/r -reduction and 1-rednction, and it is characterized by the fact that #G° 
is minimal, and so actually: 

£ = F(N) (2)]^ F(N) = {(G,/r) , F -reduced and l/r -reduced} (2.9.9) 

Next let us look at the commutative quotient of C, 

= F(N) (2)]p F(N)/« = {(G,m) , F -reduced}/^ , (2.9.10) 

where sk is the equivalence relation generated by l/r -reduction, l/r -inflation, 
and six commutative relations, passing from any vertice of the "commutativity 
triangle" to any other vertice, once one of the three patterns are recognized 
within our graph. 

Commutativity triangle: for a G Ay b G Ai^j, d G Ayi, 



(©5)o (©a)o (©d) 

Y J X 




d=J> 5=»<C3 X = 2,y = 4, J = 3. 


More specifically, sa is the equivalence relation such that G « G' if and only 
if there is a path G = Go,..., Gj, ..., G; = G', where {Gj-i, Gj} is one of the 
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following forms: 

(1) Gj is obtained from Gj-i via l/r -reduction. 

(2) Gj is obtained from Gj-i via l/r -inflation. 

(3) Gj is obtained from Gj-i via (one out of 6 possible) commutativity moves 
(see example above). 

Claim: is an equivalence ideal, 

indeed, it is an equivalence relation and, 


(*) q^g'^G®F^G'®F 

(ii) G^G' HoGoF^HoG'oF 


The first implication (z) is trivial, while the latter implication {ii) follows by the 
fact that (unlike total commutativity and 1 -commutativity), the commutativity 
relation is F -linear: 


G^G' ^ [4"o]G[Xo] « [ro]G'[Xo]. (2.9.12) 

Indeed, F- linearity implies {ii) as (cf. (12.6.101) 1: 

HoGoF = id [yo]U[ro]G[Xo]]J[Xo]F. 

Yo Xo 


To show F- linearity we have to show that if G' is obtained from G e Ay^x by any 
of the steps (1),(2),(3), then so is [yb]G'[Xo] obtained from [yo]G[Xo]. This 
is clear for steps (1) and (2). For the 6 possible commutativity moves, we have 
to identify within G one of the 3 possible patterns, and in particular subsets 
X,Y c and a subgraph a ^ G, a from X to Y. If G' is obtained from 
G via commutativity relation with pattern (T, X, J, a, b, d), then [yb]G'[Xo] is 
obtained from [yo]G[Xo] via the same commutativity relations with pattern 
{YQ,XQ,J,\YQ\a[XQ\,b,d), where 

Xo = {x G df I 3 maximal path e 6 [yb]G[Xo] with x G e} 

Yo = {yBY\3 maximal path e G [To]G[dfo] with y G e} (2.9.13) 

This proves that = is F- linear, and hence an equivalence ideal. 

Note that commutative relations does not preserve l/r -reduction, it is also 
needed to have l/r -inflation to get full commutative relations, e.g.. 
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Now using the presentation (12.9.1011 for it follows that, 

dog: ^ F(N) is an isomorphism 


O' = 1) ^ a' = ((1,1), r) 


3 path {Go,Ho), ... ,(Gfe,/ife): with {Gj_i, G^} of the form (1), (2), or (3), 


and Go = cr = 1 



• • ^Gk = (t' = l< 

\ 

'^\2 


(2.9.14) 


where for any 0 ^ j ^ k. Out Gj = {l},/n Gj = {1,2}, and 3! path from 
i to 1, i = 1,2. (its image under the diagonal homomorphism is (1,1)), and 
Gj has no circuits and is zero -reduced. This implies that Gj must be of the 
following form: 
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i\f,k' ^ 0 


(2.9.15) 


Therefore such a path from a to a' is not possible. 


□ 


2.10 Generators and relations for F-rings 


We have a surjection 

^ 1 . 2 ^ ( 1 , 1 ) ( 2 . 10 . 1 ) 

and a surjection 

F{±l}[<5i.2,5f2] (2.10.2) 

Here F{±l}[(5i,2, 1 ^ 12 ] = IFlil} ’^ 1 , 2 ]- 

Indeed, if H c F(N), (resp. A c F(Z)) is a sub-F-ring and contains (1,1) G 
2 li, 2 , £ ^ 2 , 1 , than Ay,x is closed under addition: a, a' G Ay,x- 


a + a' — ^^)(1,1)^ o (a © a') o ^ ^ Ay,x (2.10.3) 

And any matrix in F(N)yx (resp. F(Z)yjf) is a sum of matrices in F (resp. 
F{±1}). 

Given R G TZig^*\ A = F(i?) G FT^O), "We have a surjective homomorphism: 
$ : H = F[(5i,2,5f2;5i.i(r),r G R] ^ A = F(ii-), 


$(^ 1 , 2 ) = (1,1), $(< 55 , 2 ) = (J) , W) = W- (2.10.4) 

Elements of By,x can be represented by graphs with no loops G, with In G ^ 
X, Out G ^ y,with a map ji ■. G^ R and the graph G is made of the basic 
graphs 


6 = 



’ 5 * = 




(2.10.5) 
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The homomorphism $ takes (G, /x) G By,x into the Y x X -matrix with 
values in R, 


$(G,/x)y,a:= 2 ^(cfe).. ./x(ei). (2.10.6) 

(cfc,..., Cl) G m{G) 

7 ’‘i(efe) = y 

7ro(ei) = X 


The equivalence ideal XETZ{^) = BY\B contains the following elements: 

A 


i. (1): (1) = 1 


n. < 


Zero : 6 o 


Zero* : (1, 0) o 6* 


( 0 ) = 0 . 
( 1 ). 

-(I). 


IV. < 


Ass : 5 o (50 (1)) = 5 o ((1) 0 5). 
Ass* : {6* 0 (1)) o 5‘ = ((1) 0 5*) o 5*. 
^0 

1 0 , 

0 1 ^ 

1 0 , 


Comm : 5 o 


Comm* 


= S. 
o6* = S*. 


V. Total - commutativity: S* o 6 = (5 0 5) o (5‘ 0 6*). 
i.e. we have, 



(2.10.7) 


( 2 . 10 . 8 ) 


The indexing of the input of 5, and the output of S*, is important; the right 
hand side of (v) is Not equal to 

(5 o 6*) 0 (5 o 5*), whose <l>-image is 
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We have the relations, 

'(r,S): (r) o S = S o ((r) © (r)). 

((5‘, r) : S* o (r) = ((r) © (r)) o S* 

vi. <- 

(ri ■ ra) : (ri) o (ra) = (ri • r 2 ) 

. (ri + r 2 ) : <5 o ((n) © (r 2 )) o ,5* = (n + r 2 ) 

Remark 

When working in the context of F7^*, (with involution!), every relation is equiv¬ 
alent to its transpose, and we should add the relation, 

(ry ^ (r‘). 


Theorem 2.10.1 

The equivalence ideal 1C£TZ{^) is generated by these relations. 

Proof. Let G e B, we shall show that modulo these relations we can bring G 
to a canonical form which depends only on 1*(G). By using (1), we can add to 

G identities {•-^—•}, and assume without loss of generality that G has the 

form 


ZiU ■■■ Z2UZ1 

^ Ni/ \/ 'y 

where each basic graph {Zj Xj ]_[ Xj-i} has the form 



i.e. is a direct sum of d,S*,(r), with no composition. By further adding 
identities, we can assume each basic graph is either of the "left"form 
-a direct sum of 6, (r)’s, (no S*), or of the "right" form 
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-a direct sum of 6*, (r)’s, (no 6). By using {r,6), {5^,r) and total -comm, we 
can replace Zj+i of the "right" form, Zj of the "left" form, by a of the 

"left" form, and Zj of the "right" form: 




i+i 


^3 + 1 


^3 + 1 






3 + 1 


X,-1 


n +2 

•—^^—• 






n +2 

•—^^—• 






( 2 . 10 . 11 ) 

□ 


Thus we can assume all the basic graphs of the "left" form appear to the left 
of all the basic graphs of the "right" form. Moreover, we can assume the basics 
graphs Zi ,..., Zj^i, are all direct sum of 6 ,(l)’s, Zj ,..., Zi^i are all direct sum 
of (r)’s, r e R, and Zi,..., Zi are all direct sum of d*, (l)’s. We can represent 
the graph L = Zio - ■ - o Zj+i (resp R = Zio- ■ -oZi) using Ass . Comm (resp, Ass* . 
Comm* ) as a direct sum of the graphs (resp. (<5*)^"^) , = (l),(l(^^ = S, 


and = 6o © (1)) 






Using the (ri • + 2 ) relation, the graph D = Zj o ■ ■ ■ o Zi+i is equivalent to a 
"diagonal graph": a direct sum of (r)’s, with identifications Out D C- 
In D. Thus, all in all, we can represent G by the data of the set D, together 
with the maps tti : D ^ Y, ttq : D X, ^ : D ^ R : 
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( 2 . 10 . 12 ) 


If di,d2 G D, are such that 7ri((ii) = TTi{d2),Tro{di) = T^o{d2), we can use the 
(ri + r2) -relation to identify di and d2 to a point d with TTi{d) = iri^di), Tro{d) = 
Tro{di),fj,{d) = ^(di) -I- /x(d2): 


D 


D 



■ ■ (2.10.13) 

Thus we can assume H is a subset otY x X, ^ : D ^ R. Extending p. by zeros 
we get n : Y X X ^ R, i.e. a T x X matrix with values in R, which is just <&(G). 

The same proof shows that, 

Theorem 2.10.2 

For the surjective homomorphism $ : 2 ] ^ F(N), the equivalence ideal 

ICSTZ ($) is generated by relations (i)-(v). 

Theorem 2.10.3 

For the surjective homomorphism $ : F{± l}[(5i^2, dj 2 ] ®'(Z), the relations 

are (i)-(v), (—1, d), (d‘, —1), ((—1) • (—1)), and cancellation 


do((l)©(-l))o<j* = 0. 



Appendix B 

Proof of Ostrowski’s theorem 


Proof oj 0 straw ski I. We can describe the elements of yal(F(Q)/F{±l}) as 
collection of mappings 

I |y,x : F(Q)y,x ^ [0, CX)) 

satisfying (I),(II),(III) and | ± = 1, where we identify the collection {| ly^x} 

with the collection {| |y xIj for A > 0. The "generic point" F(Q) corresponds 

. ■ II 

to the trivial valuation \y\Yx = i 

(^0 y = 0 

Let {| |y,x} be a non - trivial valuation on F(Q), and let B c F(Q) be the 
associated valuation - F - subring, By,x = , \b\Y,X ^ 1}. 

For (ji, g 2 e Q we have 


|9i+92|i,i 




1,1 



•maxllgilyi, |g2|i,i}- 

2,1 


Note that |(1, l)|i ^2 



by Ill(iii). 

2,1 


If we have |(1, l)|i,2 ^ 1, than l^i + q2\i.i < maxH^ili^i, |g2|i,i}j and it follows 
that: |n|i.i ^ 1 for all n G Z; {n G Z, |n|ip < 1} = p • Z is a prime ideal of Z; 
Z(p) c Bi i c Q ; and as Bi i is an (ordinary) subring of Q: Z(p) = Bi i. 

For a matrix b G By,x ^ its coefficients by^^ = jy°bo e Bii = Z(p), 

so i? c F(Z(p)). We have by II(i) 


l(l,l,---,l)|i,« = Sup 




(1,1,...,!) I 


5 I ; I £ 1 


1 ^ sup{|&i + • • • + bn\l,l, bj G 1 ^ 1, 
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and for a vector b = (bi,..., bn) G F(Z(p))i_„, we have 


\b\l,n = 

( 1 , 1 ,..., 1)0 

/6i 

b2 

o\ 

^ 1(1, 1 ,..., l)|i,„-max{|5j|i,i} ^ 1 



\o 

bn) 

l,n 


so Bi,m and i Bn^i ■ 

For a matrix b = (by^x) G ^ have by II(i) 


\b\Y,x = sup ] |do 6o d'li^i.de F(Z(p))i,jf, d' e F(Z(p))v,i i ^ 1 


and so F(Z(p))Y_jf = By,x- 

Assume that we have |(l,l)|i ^2 > 1- Passing to an equivalent norm {| IyxIj 
( with A ^ iog*|°(i,"ihi 1 assume that |(1, l)|i ,2 = < V^, and 

\qi + q2\i.i < 2 • max{|gi|i,i, \q 2 \i,i} ,(?i G Q. 


By induction we get 


2 ’’ 

I 2 gi|i,i < 2’’• max{|(7i|Yi} ,qieQ 

i=l 


hence, 




^ 2 • n • max{|gi|Yi} 

1,1 


hence |n|i,i ^ 2 • \n\y, \n\y = +n. the usual absolute value for n G Z. 
We have for qi,q 2 G Q, 


\qi + = |(gi + <?2)”|E” = I E [fjqi ■ ?2-'=|E” < 

(2(n + 1))V" . (max{|Q|i.i • kil^i ' l<Z2in'^})'/” < 

(4(n+ • (maxlQ • \q^\l, ■ |<?2in'^})'^” < 

(4(n + • ((|gi|i,i + k2|i,i)”)'/” = (4(n + • (|gi|i,i + |g2|i,i). 

and taking the limit n —> oo we get the triangle inequality 


|gi + (?2|l,l < kl|l,l + l<?2|l,l- 
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We have by II(i), 

1(1, 1, l)|i,„ = Sup{|(l, 1, 1) o ^ 1} 

= Sup{|gi H-h , \q\n,i < 1} 

^ Sup{|gi|yi + ... + |gri|i,i, \q\n,i ^ 1} ^ n 
Let a, 6 G N, with a > 1, so we can expand b in the base a: 

b = djji ' oN + • • • + dj ' Qp + • • • + d\ ' Q + do 

log 5 


0 ^ dj < o , m < 


logo 


We get 


m m 


— 1(1, ■ • ■ 5 1) o ©o* o O (1, . . . , l)‘|l4 ^ 

i=0 j=0 

l(l,---,l)li.m+i • max {|d|i,i} • max {|a|i il ^ 

0<d<a d ^ log ^ 

log a 

log b 

(1 + to)^ • Ma ■ max{l, |a|{^} 

with Ma = max {Idh i} a constant independent of b. From this follows 

0^d<a 


= r\lii < (1 + n • . mV" . maxil, |a|ix} 

and letting n —> cx) we obtain 

log b 

l&lij ^ max{l, |a|{^} 

It follows that if |&|ip > 1 for some 6 G Z, than |o|i 4 > 1 for all a G Z\{±1,0}, 
1 ’ 1 

in which case = |a|i°i“ = e'^ is a constant for a,be Z\{±1,0}, or 

l®|i,i = W\r) ® ^ Z, hence for a G Q, (|a|,, = ±a the real absolute value.) 
Note that 


2"^ — |2|yi ^ 1(1, l)|l,2 



^ V 2 V 2 = 2, ,d ^ 1, 

2,1 


and passing to an equivalent norms we may assume (5=1, and |( 7 |ip = l^l,; is 
the usual real absolute value. 

For a vector q = (gi,..., qn) G Q" we get 


n 

XI <li = 1909% = ^ Idll.n • |g‘|n.l = \q\ln 

i=l 
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or \<l\v = li 


^ kll.n' 


On the other hand, from II(i) we get 


1/2 


\q\l,n = Supt |9o6|i,i , \b\n,l sS 1 


and so 


< 


Sup 


2 g* o 6, 




< u = 



\<l\v 


I {Q1 j ■ ■ ■ ; Qn) I l,n 



2=1 


and Bl n (^Q ,^)l,n J -^n,l (^Q 

Finally, for a matrix a G from II(i) we get 


= Sup{|5oao6'| , b= (by) , 1 , b' = (b'^) , < 1} 


is the usual I 2 - operator norm, and By^x = (^n )y,x 


□ 


Proof of Ostrowski II. We can describe the elements of V al(V(K)/¥{^ k}) as 
collection of mappings 


I \y^x = ¥(K)y^x = ^ 

satisfying (I),(II),(III), and \^ik\i,i = 1, identifying {| \y,x} with {| A > 0. 

Let By.x = {b e F(iir)Y,jf , |&|y,js: ^ 1} be the valuation -F- subring of F(iL), 
corresponding to a non- trivial valuation {| \y,x}- For qi,q 2 e K, 


|gi + g2|i,i — 




<l(l,l)ll2 


max{|qi|Yi, |g2|i,i}- 


Thus I 1 1.1 is a valuation of K (cf. |CF| 1. and passing to equivalent valuation we 
may assume |g|ip = |g|p,p ^ Ok a finite prime, or |g|iq = \r]q\ with rj : K ^ C 
(modulo conjugation) a "real prime". 


In the non-archimedean case, |g|i,i = |g|p , Bi i = Ok,p^ and for any matrix 
b = (by,x) e By.x, 


\by,x\p = \by,x\i,i = Ify oboj^h^p ^ |jy|i,y • \b\Y,x ■ \jx\x,i < \b\Y,x 


^ 1 , 
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so By,x £ ^{Ok.p)y,x- Note that by II(i), 


1(1, 1, . . . , l)|l,n — Sup •( |6i + • • • + 6ri|p ) 


ybnj 


sS 1 


^ Sup{|6i H - h bn\p , l&ilp ^ 1} ^ 1. 


For a vector b = {bi,... ,bn) ^ lF(C’if,p)i.n, 


\b\l,n = 

(1,1,..., 1)0 

(b, 

^2 

0 \ 

^ 1 ( 1 ,1,..., 1 ) 11 , 77 -maxi|5iIp} ^ 



lo 

bn / 

l,n 


1 , 

so Bi^ri = F(Ox,p)i,n, and = F(OK,p)n.i- 

Finally, for a matrix b = {byA s ^{Ok.p)yx we have by II(i), 


\b\Y,x = Sup{|(i obo d'\p , d e F(Ok,p)i,y , d! e F((!lif_p)x,i} < 1, 


so By,x = ^{Ok,p)y,x- 

In the archimedean case, = \riq\ , rj : K ^ <C. 
For a vector q = {qi,..., qn) e iF”, we get 


Yi ItoP = \qoq^\i,i ^ \q\l,n , so < k|i,„, 

i=l i=l 


and B\ yi ^ )i,n •> B^ \ ^ (lHic, 77 ) 71 ,i- 

Conversely, from II(i) we get. 


|g|i.7i = Sup{|go6|i_i , |6|„,i ^ 1} 


^ Sup{|?7(^ q^■bi)\, Y < 1} = (E 

1=1 1=1 i=l 

and = (Ofe, 77 ) 1 . 71 , and similarly 77 ) 71 ,i- 

Finally, for a matrix a e , we get from II(i), 


lalv.x = Sup{|6oao6'|i_i ; b= (by), Y\dby\^ < 1 ,6' = {b'A,Y\dK\^ ^ 1} 


is the usual I 2 - operator norm, and By,x = {OK,ri)Y,x- 


□ 



Chapter 3 


Geometry 


In this section A e CF7Z is commutative. 

3.1 Ideals, maximal ideals and primes 

According to definition I A. 21 3. a subset a c Ai^i is called an ideal if for 

Oi, ..., ttn £0, b G Ai b' G 1 : b o (oi © • • • 0 an) o b' G a. (3.1.1) 
Denote the set of ideals of A by I{A). 

Given an indexed set of ideals Ui ^ Ai^i, i G I, their intersection n/Oi is again 
an ideal. Their sum is an ideal generated by u/a^, 



(3.1.2) 


/ 


The product a • a' of two ideals is an ideal generated by the product of elements 
of these ideals, 



(3.1.3) 


Let : A ^ B be a homomorphism of F-72.ings. 

If b e I{B) then (/3*(b) = Lp~^{h) g 1(A) , and we have a map 


(p* :I{B) ~*I{A), b^^v?-l(b). 


(3.1.4) 


If a G 1(A), (^(a) generates the ideal (/J*(a)) 

(/?*: 1(A) ^ 1(B), a (/5*(a) = {6 o (©(^(oi)) o 6'}. (3.1.5) 
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Proposition 3.1.1 

We have the following: 

(1) as 1(A). 

beX(B). 

(3) :p*h = 93*0 = X*75*7>*a- 

(f) there is a bijection, via a 93*0 (with inverse map g)*h), from the set 
{oeX(A)| 93 * 93 * 0 = 0 } = {(p*bI beI{B)} (3.1.6) 

to the set 

{beI{B)\ 93 * 93*b = b} = {(^*a| aGJ(A)}. (3.1.7) 

Proof. The proofs of these are straightforward. □ 

Given an ideal a e I{A), we write A/a for the quotient F-77.ing A/i?(o), 
where E{a) is the equivalence ideal generated by a. 

Proposition 3.1.2 

ITe have a one-to-one order-preserving correspondence 

TT* : X{A/a) —> {b e X(A)| b satisfies (*)} (3.1.8) 

where (*) means 

for any ae a: b o (idz ® a) o b' e b b o (id^ 0 0) o 6'e b. (3.1.9) 


Proof The proof is clear, (cf. (IA.2.9|) for the equivalence ideal E{a) generated 
by (a, 0 ), a e a). 


□ 

Since the union of a chain of proper ideals is again a proper ideal, an appli¬ 
cation of Zorn’s lemma gives the following result. 

Theorem 3.1.1 (Zorn) 

There exists a maximal ideal m £ A 14 . 
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Definition 3.1.1 

An ideal p c Ai^i is called prime: 

S'p = is multiplicatively closed Sp • Sp = Sp. (3.1.10) 

We denote by Spec A the set of prime ideals. 

For a homomorphism of F-7?.ings ip : A B, the pullback ip* = induces a 
map 

p* = Spec((^) : Speci? ^ Spec^. (3.1.11) 

Proposition 3.1.3 

(1) If m is maximal then it is prime. 

(2) More generally, if as T{A), and given f G Ai^i such that, 

VugN: rfa. (3.1.12) 

let m be a maximal element of the set 

{bGl(^)|b3a,b^/”VnGN} (3.1.13) 


Then m is prime. 

Proof. (1) If a;,y G the ideals (x) + m, (y) + m are the unit ideals. So 

we can write 


l = bo{^mj)od, with mj = x or mj e xn (3.1.14) 

J 

\ = b'o o d' , with m[ = y or m'G m (3.1.15) 

I 

It then follows that, 

1 = 1 • 1 = (5 o o d) o (b' o o d') 

j I 

= {bo ©TOj) o ^{b' o ©m' o d')o d 
J ^ 

= bo ^{b' o ©(ruj o m') o d') o d 
J ^ 

= {bo ©6') o © {mj o to ') o (©d' o d). (3.1.16) 

J J0I J 

but TOj o to' = X o y or mj o to' G m, so 1 is in the ideal generated by m and 
X o y, and since 1 f m then x o y f m. 

(2) Similarly, if x ^ m then /” is in the ideal generated by x and m so /" = 
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b o o d , with rrij = x or rrij e m. If y ^ m, /" = b' o 0m' o d', with m^ = y 
J I 

or m' e m. It then follows that 

jn+n ^ ^ Q 0)mj o dob' o 0)m' o d' 

J I 

= bo{@b') o o (0d') o d (3.1.17) 

J ' J 

but ruj o m' = x oy or rrij o m'^ G m, so /"+" is in the ideal generated by m and 
X oy^ and since /"+" ^ rn then x oy ^ m . □ 

Definition 3.1.2 

For a G T{A), the radical is 

■\/a = {/ G ^ 1 , 1 1 /" s a for some n > 1} (3.1.18) 

It is easy to see that -^0 is an ideal. This also follows from the following 
proposition. 


Proposition 3.1.4 

We have 

v^=np (3-1-19) 

the intersection of prime ideals containing a. 

Proof. If / e \/a, say /" g a, then for all primes a c g p and so / G p. 

If / ^ Vtt) Ist m be a maximal element of the set (13.1.131) . it exists by Zorn’s 
lemma, and it is prime by proposition 13. 11 3(2'). a c m and f f m. □ 


3.2 The spectrum: Spec A 

Definition 3.2.1 

For a set it c Ai_i, we let 

P 4 (il) = {pgSpecA |iicp}. (3.2.1) 

If a is the ideal generated by il, Va{H) = VA(a); we have 

K4(1) = 0, P 4 (O) = Spec0 (3.2.2) 

P 4 (Sa) = 0-^4 (a,) , a, g 1(0, (3.2.3) 

i 

VA{a-a') = VA{a)uVA{a'). (3.2.4) 

Hence the sets {Pa( a) | a g T{A)} are the closed sets for the topology on Spec A, 
the Zariski topology. 





CHAPTER 3. GEOMETRY 


70 


Definition 3.2.2 

For f e Ai^i we let 

DaU) = Spec(A)\VA(/) = {p e Spec A | / ^ p}. (3.2.5) 

We have 

DaUi) n L»a(/2) = DaUi ■ f2), (3.2.6) 

SpecA\14(a) = [jDA{f). (3.2.7) 

Hence the sets {I?^(/) | / e Hi i} are the basis for the open sets in the Zariski 
topology. We have 

DA{f) = 0 / e Pi P = \/0 /” = 0 for some n (3.2.8) 

peSpec A 

and we say / is a nilpotent. We have 

DAif) = SpecH ^ (/) = (1) ^ 3/-1 e Hi,i : / • /"i = 1 (3.2.9) 

and we say / is invertible. We denote by GLi{A) the (commutative) group of 
invertible elements. 

Definition 3.2.3 

For a subset X c Spec A, we have the associated ideal 

I(X)=f|p. (3.2.10) 

peX 

Proposition 3.2.1 

We have 

IVAa=y/a, (3.2.11) 

VaI{X) = X, the closure of Xin the Zariski topology. (3.2.12) 


Proof. Equation (13.2.111) is just a restatement of proposition 3.1.4. For (|3.2.12|) . 
VaT{X) is clearly a closed set containing X, and if C = V( 4 (ci) is a closed set 
containing X, then 0a = IVA{a) c I{X), hence C = yA(-\/(o)) 2 VaT{X). □ 
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Corollary 3.2.1 

We have a one-to-one order-reversing correspondence between closed sets X c 
SpecTl, and radical ideals a, via X i—> I{X), Va(ci) <—i a 

{X c Spec A I X = X} ^ {a e I{A) | Vo = o}. (3.2.13) 

Under this correspondence the closed irreducible subsets correspond to the 
prime ideals. For P 07 P 1 e SpecX,po e {pi} po 3 pi, we say that po is a 

Zariski specialization of pi, or that pi is a Zariski generalization of pg. The space 
Spec A is sober: every closed irreducible subset C has the form C = U 4 (p) = {pj, 
and we call the (unique) prime p the generic point of C. 

Proposition 3.2.2 

The sets DA^f), and in particular 11^(1) = Spec A, are compact (or ’quasi¬ 
compact’: we do not include Hausdorff in compactness). 

Proof. Note that DA{f) is contained in the union [jDA{gi) if and only if 

i 

VA{f) 3 nC 4 (ffi) = Va{o.), where a is the ideal generated by {gi}, if and 

i 

only if v7 = IVA{f) 3 XVa{o) = s/a, if and only if /" e a for some n, if and 
only if /" = 60 ( 0 )( 7 i) o 6 ', and in such expression only a finite number of the gi 

i 

are involved. □ 

Let (fi : A ^ B he & homomorphism of F-77.ing, ip* : Spec B Spec A the 
associated pullback map. 

Proposition 3.2.3 

We have 

p*-\DA{f)) = Dsipif)), feA,A, 
p*-\VA{a)) =Vb{Mc^)), aeI{A), 

VAip-^b) = p*{VB{b)), beI{B). 

Proof. The proofs of (13.2.141) and (13.2.151) are straightforward: 

qep*-\DA{f)) ^ p*{q)eDA{f) ^ f ^ p-\q) ^ p{f) f q ^ qeDB{pif)), 
q e (/j*"^(U 4 (a)) p*{q)eVA{a) a3v?"^(q) </5*(a) 3 q q e UB((^*(a)). 

For (13.2.161) we may assume b = Vb is a radical since Ub (b) = Vb (Vb) , (v/b) = 

^/p-^ib). Let a = Iip*{VBib))), so that U 4 (a) = (/ 5 *(VB(b)) by (133.1 2h . We 
have 

/GO 


(3.2.14) 

(3.2.15) 

(3.2.16) 


/Gp, ypep*{VB{b)) 


f ep ^(q), Vq 3 b 
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^(f)e f]q = Vb=b ^ (3.2.17) 


It follows from (13.2.141) . or from (|3.2.15ll . that ip* = Spec((^) is continuous, 
hence A i—> Spec A is a contravariant functor from commutative F-7?.ings to 
compact, sober, topological spaces. 

Example 3.2.1 

Let A be a commutative ring, F(A) the associated F-77.ing. An ideal a c A = 
F(a)i 4 an ideal in our sense, and conversely. Under this correspondence 

the primes of A correspond to the primes of F(A), and we have a homeomor- 
phism with respect to the Zariski topologies: 

Spec A = SpecF(A). (3.2.18) 


Example 3.2.2 

Let ?7 : Ik —> C be a real or complex prime of a number field, and let Ot,ri denote 
the F-77.ing of real or complex ’integers’. Then 

m,, = {a; e Ik I \x\r^ < 1} (3.2.19) 

is the (unique) maximal ideal of Ot,ri, the closed point of Spec Ok, 77 - 

3.3 Localization 

The theory of localization of an F-77.ing A, with respect to a multiplicative 
subset S c Al l, goes exactly as in localization of commutative rings - since it 
is a multiplicative theory. We recall this theory next. 

We assume S c Ai_i satisfies 

leS” (3.3.1) 

Si, S 2 £ S => Si ‘ S 2 ^ S (3.3.2) 

On the set 

A X S = Ay,x X S 

Y,X 

we define for Oj e Ay,x, Si e S 

(oi, si) ~ ( 02 , S 2 ) ^ s • S 2 • ai = s ■ Si • a 2 for some s e S. (3.3.3) 

It follows that ~ is an equivalence relation, and we denote by a/s the equivalence 
class containing (a, s),and by iS^^A the collection of equivalence classes. On 
S~^A we define the operations: 

oi/si o 02 /S 2 = (ui o a 2 )/siS 2 ) 0-1 s Az^y ) 02 s Ay,x (3.3.4) 

ai/si © 02/52 = (s2 • oi © Si • a2)/siS2 (3.3.5) 
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Proposition 3.3.1 

The above operations are well defined, independent of the chosen representa¬ 
tives, and they satisfy the axioms of an F -Ring. 

Proof. The usual proof works. For example, replacing ai/si in (13.3.51) by 
a'l/s'i ~ oi/si, say s • • oi = s • si • then 


s ■ s'iS 2 ■ (s 2 ai 0 5102 ) = s ■ S 1 S 2 • {s 2 a'i © 5102 ), 


hence 


(s2ai © sia2)/siS2 = (s2ai © Sia2)/siS2. 


□ 


The F-77.ing S conies with a canonical homomorphism 
f) = 4)s '. A ^ S~"^A , 0(a) = a/1. 


(3.3.6) 


Proposition 3.3.2 

We have the universal property of 4>s'- 

^n{S-^A,B) = {(peF7^(A,B)| if{S) c GL[i](B)} 

T ' —>■ I? o 0s 

<^(a/s) = V5(a) • (/J(s)"^ <—I 

Proof. Clear. □ 

Note that S~'^A is the zero F-72.ing if and only if 0 e 5. 

The main examples of localizations are : 

Sf = {rin^o, / e Ai,i. We write Af for Sf^A. (3.3.7) 

Sp = Ai^i \ p, p e Spec(A). We write Ap for (3.3.8) 

Consider the canonical homomorphism <f> = <f>s '■ A ^ 5“^^, 0(a) = a/1. 

If b e T{S-'^A), then tp-Hb) e X{A). 

If a e I{A) is an ideal of A then 

S'“^a := 0=i=(a) = {a/s e (5'“^7l)i4| a e o, s e S} (3.3.9) 

is an ideal of 


Proposition 3.3.3 

IfbeI{S-'^A), then S'-i(v?-i{b}) = b. 


Proof. If a/s e b, a e ip ^{b}, and a/s e S ^{(p ^{b}); so b c 5” '^{ip ^{b}). 
The reverse inclusion is clear. □ 
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Proposition 3.3.4 

For a G I{A) , 

= {a G 4| 3 s G S' : s-aea}. (3.3.10) 

In particular, 

S“^a = (1) o an S A 0 (3.3.11) 

Proof. 

a G a/1 = x/s, x e a, s g S s • a g a, for some s e S. 

□ 


Proposition 3.3.5 

The map (jAg induces a bisection 

(j)*s : Spec(S-^A) {p G Spec4| p n S = 0 }, (3.3.12) 

which is a homeomorphism for the Zariski topology. 

Proof. If q G Spec(S“^7l), 0g(q) belongs to the right-hand-side. Conversely, 
if p belongs to the right-hand-side, S“^p is a (proper) prime of S~^A. By 
propositions 3.3.3, 3.3.4, these operations are inverses of each other. □ 

Corollary 3.3.6 

We have homeomorphism for f e Ai^i, 

: Spec(4/) DA{f). (3.3.13) 

Corollary 3.3.7 

We have a homeomorphism for p G Spec(4), 

(j)* : Spec(4p) ^ {q g Spec4| q c p}. (3.3.14) 

In particular, Ap contains a unique maximal ideal rrip = S^^p; we say it is a 
local ¥-TZing. 

Remark 3.3.8 

For p G Spec (4.) we let Fp = 4p/mp denote the residue field at p. Let tt : 
A —> 4/p be the canonical homomorphism, and Sp = 7r(Sp), we have also 
Fp = Sp ^(4/p). The commutative diagram 



4/p-^ Fp 


(3.3.15) 
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is cartesian: Fp = {A/p) C)a Ap 

It is also functorial: given a homomorphism of F-77,ings (p : A ^ B, q e 
Speci?, p = ip*{o/), we have a commutative cube 

A-^Ap (3.3.16) 



3.4 Structure sheaf Oa 

Next we define a sheaf Oa of F-77.ings over Spec A. 

Definition 3.4.1 

For an open set U c Spec(4), and for Y,Xe¥, we let Oa{U)y,x denote the 
set of funetions 

® ^ ^ U (3.4.1) 

pell 

such that s(p) e (4p)v,X; o-nd s is "locally a fraction": 

V p e [/, 3 a neighborhood Up of p;3 a e Ay,Xj 3/ e Aip \ [J q (3.4.2) 

qeC/p 

sueh that s(q) = a/f e 4q, V q G [/p (★) 

It is clear that 

Oa{U) = U Oa{U)y,x (3.4.3) 

Y,X 

is an F-77.ing. If U' ^ U, the natural restriction map s i—> s|c/', is a homomor¬ 
phism of F-77.ings Oa{U) Oa{U'), thus Oa is a presheaf of F-77.ings. From 
the local nature of (★) we see that Oa is in fact a sheaf of F-77.ings over Spec A, 
in the sense that for any X,Y e ¥, U Oa{U)y,x is a sheaf of (pointed) sets. 
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Proposition 3.4.2 

For p G Spec ( 4 .), the stalk 


OA,p = \j^OA{U) ( 3 . 4 . 4 ) 

pell 

of the sheaf Oa is isomorphic to Ap. 

Proof. The map taking a local section s in a neighborhood of p to s(p) G Ap, 
induces a homomorphism Oa.p Ap, which is clearly surjective. It is also 
injective: 

Let si,S2 e Oa{U)y,x have the same value at p, si(p) = S2(p). Shrinking U 
we may assume Si = aijfi on \J, Oi G Ay^x, fi e Aia- ai/fi = 02/f2 in Ap 
means h • f2 • ap = h • fi • 02, he Aia ^ P) t)ut then ai//i = 02/72 in A^ Vq G 
UnDA{h). ’ □ 

Proposition 3.4.3 

For / G Aia, ^-Ring OA{F>A{f)) is isomorphic to Af. 

In particular, the global seetions r(Spec(7l), ='^ OA{F)A{f)) = A. 

Proof. Define the homomorphism if : Af Oa( 7 Ia(/)) by sending o//" to the 
section whose value at p is the image of o//” in Ap. 

We shall show that if is injective: 

If 1/(01//"^) = ^'(02//"^) then V p G Oxif) there is hp G Aia P 

hpP^ai = hp/”ia 2 . ( 3 . 4 . 5 ) 

Let a = onn^(/”^ai,/"102), it is an ideal of A, and V p G DaU), p i Va{,A), 
so DA{f) n 174(0) = 0, hence 174(0) c 174(7), hence f G IVA{a) = \/a, hence 
7 " G o for some n ^ 1 , showing that aij f'^'^ = 02/7"^ in 4 /. 

We show next that if is surjective: 

Let s G OA{DA{f))Y,x- By proposition 3 . 2 . 2 , DA{f) is compact, so there exists 
a finite open covering 

DA{f)= U DA{hi), ( 3 . 4 . 6 ) 

l^isgAT 

such that for all p G DA{hi) : s(p) = Oi/pi G Ap, where Oi G Ay^x and 
Pi G 4 [i]^[i] is such that DA{gi) 3 DA{hi) for 1 ^ i ^ A^. 

We have VA{gi) 3 VA{hi), hence 


VM = IVAigf) 3 IVA{hf) = VM, ( 3 . 4 . 7 ) 

hence hi G a/( hi) so that for some rij ^ 1 we have h/* = Ci ■ pi, hence s(p) = 
Ciaijh'f''. So we can replace hi by pi. On the set 


DA{gi) n DAipj) = DAipiPj) 


( 3 . 4 . 8 ) 
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we have ai/gi = s(p) = cijlgj, hence by the injectivity of ip 

ai/9i = aj/9j in Ag^g.. (3.4.9) 

This means { 9 i 9 j)^-gjai = { 9 igj)’^ 'giCij, and we can choose n big enough to work 
for all i,j- We can replace gi by 5 "''"^ (since DA{gi) = DA{g^~''^)), and replace 
ai by g" • ai (since s(p) = g'^aijg'l'^^), and then have the simpler equation 

gj ■a^ = g^- aj V i,j. 

Since the sets DA{gi) cover DA{f) we have, {cf., Proposition 3.2.2), 


Set 

Then 


Hence aj/gj 


/”" = 6 o (©i^fj) o b'. 

CL = (©^) O (©fli) O (©6^). 

Y i X 

9 j ■ a = (©6) o (© 5 jOj) o (©6') 

Y i X 

= {®b) o {®igiaj) o (©6^) 

= ®{b o (© 5 i) o b') o Uj (by commutativity!) 
y i 

= r-ag. 

s(p) = a//™ and s = ^p^a/f"^). 


(3.4.10) 

(3.4.11) 


(3.4.12) 

□ 


3.5 Grothendieck F - Schemes and locally-F-ringed 
spaces 

We define the categories of F-(locally)-ringed-spaces, and its full subcategory of 
(Grothendieck) F-schemes. 

Definition 3.5.1 

An ¥-ringed-space {X,Ox) is a topological space with a sheaf Ox of ¥-Rings: 
U I— > Ox(U) is a pre-sheaf of ¥-Rings such that for any W, Z G F, 17 
Ox{U)w,z is a sheaf of (pointed) sets. That is, a collection Ox{U) together 
with restriction maps py G ¥R{OxiU), Ox(V)) for every inclusion of open sets 
V , such that: 


Ox{U) 



is commutative for IT c 1/ c [/. 
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And for all Y, X G F; [/ i—> Ox{U)y,x is a sheaf, 
i.e. for any open covering U = ljC7i.' 

i 

0OxiU)Y,x nO-»(t'.)y,.v =5 Ho-v (c/* n Uj)y,x 
i ij 

is exact. 

A map of ¥-ringed-spaces f : X ^ Y is a continuous map of the underlying 
topological spaces together with a map of sheaves of ¥-Rings on Y, 

: Oy — > f*Ox, i-e. for U ^Y open we have f^ : Oy{U) Ox{f~^U) a 
map of¥-TZings, such that for U' ^ JJ: 

= fU^\u')- ( 3 . 5 . 1 ) 

The ¥-ringed-space X is ¥-locally-ringed-space if for all p e X the stalk Ox. p 
is a local ¥-TZing, i.e. contains a unigue maximal ideal mx,p. 

For a map of ¥ -ringed-spaces f : X —>■ Y , and for p e X , we get an induced 
homomorphism of ¥-Rings on the stalks 


ff-OYjip)= lim Oy{V)^ lim Ox{r^V)\\mOx{U) = Ox.p 

f(p)eV pe/"iV VeU 

(3.5.2) 

A map f : X Y of ¥-locally-ringed-spaces is a map of ¥-ringed-spaces such 
that f^ is a local homomorphism for all p e X, i.e. 

/jf (tTix/(p)) c mx,p or eguivalently {f*)~^mx,p = nax/(p). (3.5.3) 

We let ¥RSp (resp. L¥RSp ) denote the category of¥-(resp. locally)-ringed- 
spaces. 

For a homomorphism of commutative F-77,ings ip : A —* B, ior p e Spec(i3), 
we have a unique homomorphism tpp : A^-ip —> Bp, such that we have a com¬ 
mutative diagram, 

A - ^^B (3.5.4) 

Bp 

(pp(a/s) = (p(a)/(p(s), and (pp is a local homomorphism. 

Thus A I—> Spec(^) is a contravariant functor from ¥-Rings to £¥RSp . 

It is the adjoint of the functor F of taking global sections 

r(x,Ox) = Ox(x), r(f) = f* ■. Oy{y) ^ Oxix). 


(3.5.5) 
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Proposition 3.5.2 

TFRSp (X, Spec(y4)) = F7Z(A, Ox(X)). (3.5.6) 

Proof. For an F-locally-ringed-space X, and for a point x e X, the canoni¬ 
cal homomorphism : Ox(,X) —> Ox,x gives a prime 'P(x) = (j)f^{mx,x) e 
SpecOx(-^)- The map V : X ^ SpecOx(-^) is continuous: 

V-\D{f)) = {x e X| 0,(/) f mx,x] (3.5.7) 

is open for / e Ox (X ). We have an induced homomorphism 

: OxiX)f Ox{{x e X| Mf) t nrx..}), (3.5.8) 

making V a map of F-ringed-spaces , and taking the direct limit over / with 
(fxif) f mx,x we get 

V* : Ox{X)v(x) - Ox.., (3.5.9) 

showing 7^ is a map of F-locally-ringed-spaces . 

To a homomorphism of F-77.ings p : A OxiX) we associate the map of 
F-locally-ringed-spaces 

X ^ SpecC)x(^) SpecA. (3.5.10) 

Conversely, to a map / : X —> Spec A of F-locally-ringed-spaces (as in definition 
3.5.1) we associate its action on global sections 

r(/) = ftecA ■■ ^ = OA(Spec A) OxiX). (3.5.11) 

Clearly, r(Spec((/?) oV) = p. 

Conversely, given a map f : X —>■ SpecTl (as in definition 3.5.1), for x G X we 
have a commutative diagram, 

A = OAiSpecA)^^OxiX) . (3.5.12) 

4^f(x) <px 

' ft 

^fix) -^ Ox,x 

Since is assumed to be local, (/J^)“^(Tnx,.) = and by the commuta¬ 

tivity of the diagram we get r(/)“^('P(x)) = fix), i.e. / = (Specr(/)) oP is 
the continuous map associated to the homomorphism r(/). Similarly, for g G A, 
the commutativity of the diagram 

r( f) 

A - -^OxiX) (3.5.13) 

A,f^OxiDxif*g)) 

gives /c(g)(a/5”) = r(/)(a)/(r(/)(g))", hence / = (Specr(/)) o T" as a map of 
F-locally-ringed-spaces . □ 
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Corollary 3.5.3 

For ¥-TZings A, B: 


LFTZSp (Specs, Spec A) = ¥n{A,B). (3.5.14) 


Definition 3.5.4 

A (Grothendieck) ¥-scheme is an ¥-locally-ringed-space Ox), such that 

there is a covering hy open sets X = 'OiUi, and the canonical maps 

V:iUi,Ox\u,)^SpecOxm (3.5.15) 

are isomorphisms of ¥-locally-ringed-spaces . A morphism of¥-sehemes is a 
map of ¥-locally-ringed-spaces . 

We denote the category of ¥-schemes hy gF<Sc 
F-schemes can be glued: 

Proposition 3.5.5 

Given a set of indices I, and for i e I given Xi e gFSc , and for i j, i,j e I, 
an isomorphism <pij : Uij —> Uji, with Uij ^ Xi open (and hence Uij are 


¥-sehemes), such that 

cpp = (3.5.16) 

PijfUij n Uik) = Up n Ujk, and pjk o = pi^ on Up n Uik- (3.5.17) 
There exists X e gF5c , and maps ipi : Xi ^ X, such that 

rpi is an isomorphism of Xi onto the open set ipi^Xi) c X, (3.5.18) 

X = |JV'.(^i), (3.5.19) 

i 

MUp) = MX^) n fjjiX,), (3.5.20) 

ipi = ipj o ipij on Up. (3.5.21) 


Proof. Clear: glue the topological spaces and glue the sheaves of F-77.ings. For 
V ^ X open 


Ox(V) = ker 


Y\OxM-^v)^Y\OxM-^v 



(3.5.22) 


□ 



Chapter 4 

Symmetric Geometry 


In this section A e CF7Z* is commutative and has involution. 

4.1 Symmetric ideals and symmetric primes 

Definition 4.1.1 

Consider the set 4+ := {a G Ai^i \a = a*}. 

An ideal a c Ai i is called symmetric if it is generated by a"'" := a n 4+. (In 
particular a = ). 

Denote by I'^{A) the symmetric ideals of A. 

Given an indexed set of symmetric ideals ai ^ A,i ^ I, their symmetric inter¬ 
section Qi is the ideal generated by the mutual symmetric elements: 

= {bo (©Uj) o b'\aj G nai"*"}. (4-1.1) 

Their sum is again a symmetric ideal: 

Sai = {bo (©Oj) ob'\aj G uai"'"}. (4-1-2) 

Their product a • a' is again the symmetric ideal: 

a • a' = {bo (©Oj • a'A o b'\aj e a^,a( e o'"'"}. (4.1.3) 

j j J 

Let If •. A B he & homomorphism of F-7?.ings. If b G I+(i?), we define: 
V3*(b) = ideal generated by {a = a* G A+, f{a) G b} = (4-1-4) 

and if a G 1 + (4.), we define, 

(/?,j(a) = ideal generated by f{a^) ^ = <i^(a+)). (4.1.5) 


81 
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Proposition 4.1.1 

For any a e b G X'^(B), we have the following: 

(1) a'^ (p*ip^a. 

(2) b^ip^g^*b. 

(3) g}*b = a = a. 

(4) there is a bijeetion, via a i—> (/?*a (with inverse map b^ ip*b), from the set 

{aGl+(A)| ip*(f^a=a} = {v3*b| beI+{B)} (4.1.6) 

to the set 

{b gI+(B)| ip^ip*b = b} = {(^*a| aGl+(4)}. (4.1.7) 

Since the union of a chain of (proper) symmetric ideals is a (proper) sym¬ 
metric ideal, we have 


Theorem 4.1.1 (Zorn) 

There exists a maximal symmetric ideal m £ Ai^i. 

Definition 4.1.2 

A symmetric ideal p c Ai^i is called symmetric prime: 

s; = 4+\p is multiplicatively closed • Sp = . (4.1.8) 

We denote by Spec"*" A the set of symmetric prime ideals. 

For a homomorphism of F-77.ings (p : A B, the pullback p* induce a map 

p* = Spec((p) : Spec"*" B Spec"*" A. (4.1.9) 

Proposition 4.1.2 

(1) // in G I'*’ (4.) is a maximal symmetric ideal then it is symmetric prime. 

(2) More generally, if a B I+(4), and given f = f* ^ 4+ such that, 

Vn G N : r fa. 

let m be a maximal element of the set 

{bGl+(4)|b 3a,/”^ bVnGN} (4.1.10) 

Then m is symmetric prime. 

Proof. (1) II X = x*,y = y* e 4i4\m, the ideals (x) + m, (y) + m are the unit 
ideals. So we can write 

I = bo {^rrij) o d, with mj = x or mj G m. 

J 


(4.1.11a) 
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1 = 6' o o d', with m' = y or m' e m. (4.1.116) 

J 

It then follows that, 

1 = 1 • 1 = 6 o (^rrij o dob' o o d' (4.1.12) 

j I 

= bo (06') o f 0mj o m'") o (0(i) o d'. 

but rtij o to' = X o y or rrij o to' g m, so 1 is in the ideal generated by m and 
X o y, and since 1 ^ m then x o y ^ m. 

(2) Similarly, if x ^ m then /" is in the ideal generated by x and m so /" = 
6 o ©TOj o d, with nij = x or TOj g m. If y ^ m, /" = 6' o ©to' o d', with rui = y 

or TOi G m. It then follows that 

jn+n ^ Q Q y! (4.1.13) 

J I 

= bo (06') 0^0771^0 to'^ O (0d) o d' 

J Vj®/ / / 

but TOj o to' = X o y or TOj o to' G m, so /"+" is in the ideal generated by m and 
X o y, and since /"+" ^ m then x o y ^ m . □ 

Definition 4.1.3 

For a G I"*" (4.), the symmetric radical is 

■\/a^ = ideal generated by {f = f* ^ A'^, /” G a for some n ^ 1} (4.1.14) 

= {bo ®fj o d I 6 G 4i,j, d G Aj^i,fj = fj G 4+, and /" G o}. 

Note that ^ \/a> ® ^ we have a" G a for n >> 1. 

Proposition 4.1.4 

We have 

\/a^ ~ n P “ symmetric ideal generated by (4.1.16) 

a^p a^p 

where p runs over symmetric primes containing a. 


Proof. If / = /*, /" G a, then for all symmetric primes ocp: f e p. If/ = /* 
and /” ^ a, V n, let m be a maximal element of the set (4.1.10), it exists by 
Zorn’s lemma, and it is symmetric prime by proposition (4.1.2b), a c rn and 
ffm. □ 
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4.2 The symmetric spectrum: Spec^(74) 

Definition 4.2.1 

For a set il c A~^, we let 

V+{H) = {p e Spec+(4)|fi c p} (4.2.1) 

If a is the ideal generated by il, (il) = (a); we have 

V+il) = 0, y+(0) = Spec+(4), (4.2.2) 

V+{Ya) = nV+{a^) , a,eI+{A), 

i 

V+{a-a') = V+{a)yjVX{a'). 

Hence the sets {^(^"(a) | a e I+(4)} are the closed sets for the topology on 
Spec"'" (4), the Zariski topology. 

Definition 4.2.2 

For f = f* e 4+ we let 

D+{f) = Spec+(4)\l/+(/) = {p G Spec+(4)|/ ^ p}. (4.2.3) 

We have 

D^ih)nD+ih) = D+ih-h), (4.2.4) 

Spec+4\y+(a)= |J ^a(/)- 
/€0 + 

Hence the sets {D'j^{f)\f e 4+} are the basis for the open sets in the Zariski 
topology. We have 

D\{f) = 0 / G p = Vo"*^ /" = 0 for some n (4.2.5) 

peSpec+ A 

and we say / is a nilpotent. We have 

D+{f) = Spec+ A ^ if) = (1) ^ 3/-1 G 4+ : / . /-I = 1 (4.2.6) 

and we say / is invertible. We denote by GL^ (4) the (commutative) group of 
symmetric invertible elements. 

Definition 4.2.3 

For a subset X c Spec'*’(4), we have the associated ideal 

= Pi P = ideal generated by pp^. 
peX peX 


(4.2.7) 



CHAPTER 4. SYMMETRIC GEOMETRY 


85 


Proposition 4.2.1 

We have 

2:+y+a= Va’^, (4.2.8a) 

V^I'^{X) = X, the closure of X in the Zariski topology. (4.2.86) 


Proof. The first equation is just a restatement of proposition 4.1.4. Indeed, 

T'^VX Cl = ideal generated by P| (4.2.9) 

acpeSpec+ (A) 


For the second, VXT^{X) is clearly a closed set containing X, and if C = 
(a) is a closed set containing X, then = I+I4+(o) c I+(X), hence 

c = vX{^/{^^)^vXI+{x) □ 

Corollary 4.2.1 

We have a one-to-one order-reversing correspondence between closed sets X c 
Spec'*’(A), and radical symmetric ideals a, via X i—> I+(X), VjJ"(a) <—1 a 

{X c Spec+(4)|X = X} ^ {a G I+{A)\X^^ = a}. (4.2.10) 

Under this correspondence the closed irreducible subsets corresponds to sym¬ 
metric prime ideals. For po,pi e Spec''"(4), po G {pi} po 3 pi, we say 

that po is a Zariski specialization of pi, or that pi is the Zariski generalization 
of pQ. The space Spec"'"(4) is sober: every closed irreducible subset C has the 
form C = VX (p) = {p}, and we call the (unique) prime p the generic point of 
C. 

Proposition 4.2.2 

The sets D'^{f), and in particular D'^{1) = Spec'*’(4), are compact. 

Proof. Note that D\{f) is contained in the union \XD\{gi) if and only if 

i 

VXif) 3 X\VXi9i) = where a is the ideal generated by {gX, if and 

i 

only if ^/f''' = T'^VX (/) 3 T^VX (d) = , if and only if /” G a+ for some n, 

if and only if /" = 60 (0)gi) o b', and in such expression only a finite number of 

I 

the gi are involved. □ 

Let Lp : A ^ B he a. homomorphism of F-7^ing with involution, ip* : 
Spec''"(i3) ^ Spec"'"(4) the associated pullback map. 
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Proposition 4.2.3 

We have 

T*-\D+{f)) = D+{T{f)), 

T*-\V+{a)) = V+{v^{a)), aGX+(4), 

V+{^-^b) = ^*{V+{b)), beI+{B). 

Proof. The proofs of (4.2.11) and (4.2.12) are straightforward: 
qeip*-\D+{f)) ^ ^*{q)eD+{f) ^ f f ip-\q) ^ ^{f) f q ^ qel 

q G V3*”^(v;|(0)) ^ V3*(q) e V'^(a) ^ a+c ^-i(q) ^ V3*(a) ^ q ^ q' 

For (4.2.13) we may assume b = is a radical since Vg (b) = Vg (\/b''^), ip*{'\/b^) 
■<yjip*{b)^. Let a = X^{(p*{Vg{b))), so that V^(a) = <p*(V^(b)) by (4.2.86). 

We have 

/ea ^ / Gp, VpG (p*(y+(b)) ^ /G (p-i(q), Vq 3 b 

(^(/)G f|^q = V^^ = b ^ /G(p*(b). (4.2.14) 

q^b 

□ 

It follows from (4.2.11), or from (4.2.12), that (/?* = Spec''"((^) is continuous, 
hence A Spec"'"(4) is a contravariant functor from CF-T^-ings* to compact, 
sober, topological spaces. 

Example 4.2.1 

Let 4 be a commutative ring with (nontrivial) involution a i—> a*, F(4) the 
associated F-7?.ing with involution (a*)x,y = (ay,a:)*,a = {cLy^x) £ Ay^x- An 
ideal a c 4 = F(a)i.i is also an ideal in our sense, and conversely. Under this 
correspondence the primes of 4 correspond to the primes of F(4), and we have 
a homeomorphism with respect to the Zariski topologies: Spec F(4) Spec 4. 
The symmetric primes correspond to primes of the subring 

4+= {oG 4 I a* = a} (4.2.15) 

consisting of symmetric elements, (note that 4/4+ is always integral, a G 4 is 
a root of — (a + a*)x + aa* G 4+[a;]). We have as well a homeomorphism 
with respect to the topology defined in (4.2.1 — 2): Spec+ F(4) Spec 4+. 


(4.2.11) 

(4.2.12) 

(4.2.13) 




Given 4 G C¥TZ*, we can forget the involution and consider Spec 4. There 
is a canonical map 

: Spec 4 ^ Spec+ 4 
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p I—> 7r^(p) = ideal generated by p^'". (4.2.16) 

and this map is continuous: 

(a)) = VA(a) (4.2.17a) 

(n+r^D+if)) = DaU). (4.2.176) 


4.3 Symmetric localization 

A set S c All (consisting of symmetric elements!) is called "multiplicative" 


when 

1 G S (4.3.1) 

S-S=S (4.3.2) 

For such S the localized F-77.ing has involution: 

(a/s)‘ = a*/s. (4.3.3) 

The following universal property holds: 

¥TZ\S-^A, B) = {ipe F7^*(A, B),<f{S) c GL+{B)}. (4.3.4) 

The main examples of localizations are: 

For p e Spec+ A, Sp = A+\p , Sp^A := Ap (4.3.5) 


For f = fBA+, = SJ^A := Af = A[l]. 

Wo) 


4.4 Structure sheaf 0 \/ Spec^ (^4) 

Definition 4.4.1 

A sheaf of¥TZ* (with involution!) over a topological space X, O G ¥Rf /X is a 
pre-sheaf of¥-TZings with involutions U i—> 0(U), such that for any ]V,Ze¥, 
U i-> 0{U)w,z is a sheaf. 

Next we define a sheaf 0*a of FT?.* over Spec"*" A. 

Definition 4.4.2 

For an open set U c Spec"*" A, A, F G F : 

Oa{U)y,x ■■= {s : U ^ ]J(Ap)y,v:, s(p) e (Ap)v,x , and satisfy (*)} 
pell 

(*) Vp G C/,3/ = /* ^ p, p G D+{f) C u,lae Ay,x, 
s{q) = a/f, VqG £)+(/). 


(4.4.1) 
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Theorem 4.4.1 

(ij For p e Spec"*" A we have 


Oa^p = 1^0A {U) ^ Ap. (4.4.2) 

peC/ 

(ii) For f = f* e 4+, 

OA{D+{f))^Af. (4.4.3) 

Proof. The proofs are exactly as in propositions 3.4.2 and 3.4.3. □ 

4.5 Schemes with involution and locally- 

¥1Z*- spaces CFlZ^Sp 

Definition 4.5.1 

An ¥TZ*-space {X,Ox) is a topological space X with a sheaf Ox of¥-TZings 
with involutions. A map of WTZ*-spaces f : X —>■ Y is a continuous map of the 
underlying topological spaces together with a map of sheaves of ¥Rf on Y, 

: Oy —> f*Ox , i-e. for U ^Y open we have f^ : Oy{U) Oxif~^U) a 
map of¥Rf, such that for 

U'^U: f^{s)\f-.u' = fU^lu'). 

The F7^*-space X is a locally-¥TZ*-space if for all p e X the stalk Ox,p is a local 
FT?.*, i.e. contains a unigue maximal symmetric ideal tnjc^p. 

For a map of FT?* -spaces f : X —>■ Y, and for p G X, we get an induced 
homomorphism of FT?* on the stalks 

lim Oy{V)-* lim Ox{r^V)\\^Ox{U) = Ox.p 
f{p)eV pef-HV) peU 

(4.5.1) 

A map f : X ^ Y of locally- FT?*-spaces is a map o/FT?*-spaces such that ff" 
is a local homomorphism for all p e X, i.e. 

.f*{mY,f(p)) '^mx,p or eguivalently {ffyimx.p) = my.f^p). (4.5.2) 
We let £FT?*5p denote the category of F-locally-ringed-spaces with involution. 

Definition 4.5.2 

A pair {X, Ox) ^ C¥TZ*Sp is an (Grothendieck) F — Scheme with involution, 
if there exists an open covering {Ui}iei of the topological space X s.t. 

{U,,Ox\uJ ^ Spec+iOxiUi)). 


(4.5.3) 
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We denote the category of Grothendieck F-Scheme with involution by gFiSc* . 
Note that we have the following full embedding of categories: 

(F7^^)°Pc 0F5 c* c £F7Z*Sp. (4.5.4) 



Chapter 5 

Pro - limits 


We can work with general filtered small category J (cf. M) , or restrict 
attention to the case of {J, a partial ordered set that is directed, 

Vji, J2 e J, Ij e J, j ^ ji,j ^ j2. 


and CO-finite, 


Vj e J, 


{iBj\ i^j} 


< CO. 


The following inverse limits over J-indexed inverse systems in {¥TI*)°p and 
C¥TZ*Sp exist: 


Im : ( £F7^*5p y -^ €¥71*^ Sp 

J 


Ul 


Ul 


Im : ((F7^‘)°P)“' -^ (F7^*)°P 

J 

Moreover in the affine case the following limit can be interchanged: 

limSpec''"(Aj) = Spec"*" (limA,-). 

.1 J 

But inverse limits over ( gFiSc* )'^ do not always exist!. This leads us to define 
the "pro" category of gFiSc* as our category of schemes. 

5.1 Pro - Schemes 

Definition 5.1 

Define the pro- gF<Sc (respectfully pro- 0F5c* ) category to be the category 
with objects all inverse systems in gF5c (respectfully gFiSc* ) over arbitrary 


90 
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directed co- finite partially ordered set. The morphisms between objects X = 
{Xj}jej,Y = {Yi)iei are given by, 


pro-gFiSc (X, y) = ]^ lim gF.Sc (X.j,Yi), (5.1.1) 

/ ,7 

{respectfully, pro-gFiSc* (X, F) = lim lim gF5c* {Xi,Yi)). 

I ,7 

For every i' ^ i,j ^ j' we have a commutative diagram in Set: 

flF5c {Xj,Y^ flF5c (Xp,y,) 

TT*/ O _ TT^., O _ (5.1.2) 

flF5c {Xj,Yr) flF5c {Xp,Yi,) 


(here tt), : Yi Yr and 7rj : Xf —> Xj). 

We can describe a morphism between X and Y in the pro- category as collections 
of maps {ipj : Xj —>■ Yi} defined for every i and for every j ^ a{i) large enough 
(depending on i). The maps are such that the following conditions must hold 
for every i' ^ z and ct(z) ^ j ^ j', 


1 1 
ifi ott ) 



oipi = ifii, 


(5.1.3) 


The maps {tDtWD ^re considered equivalent if for all z e / and all j e J large 
enough (depending on i): ip} = pI- 

We have a full and faithful embedding gFiSc* pro- gF<Sc* , (taking the in¬ 
dexing set to be a point). We have a functor lim (which is generally not full, and 
not faithful, but is such on finitely presented objects), making a commutative 
diagram 


pro- 



(5.1.4) 


5.2 The compactified SpecZ. 


Let > 2 be a square free integer. Let Ajv be the F-7?.ing defined by: 


{An)y,x 


An = F(Z[—]) n 


i a G F[ Z 

" 1 " 

] 

1 V 

_N_ 

J Y,X 



(5.2.1) 
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The map j : An —» F(Z[-^]) is a localization, (An)^ = F(Z[^]), and so defines 
an injection: 

j* : Spec Z ^ ^ Spec F^Z ^ ^ ^ Spec = Da,^ Spec An- 

(5.2.2) 

The space Spec^Ar also contains the closed point, 

V = = |a e {An)i,i \a\^ < l| = Z ^ n (-1,1). (5.2.3) 

which is the real prime given by the injection i : An ^ Oq The prime ideal 
?7 contains any other ideal of An thus it is the unique maximal ideal for An, 
which is a local F-7?.ing (of Krull dimension 2). 

Note that Spec^Ar = SpecZ[-^] u {rj} as sets. The point rj e Spec^Ar is 
very closed in the sense that the only open set containing it is the whole space. 
For any non-trivial basic open set DamU), say / = -^,a G Z, |a|,, < N^, we 
have (Aat)/ = F(Z[;|^]), and so 

-Dan(/) = Spec(^Ar)/= SpecF^Z ^ ^SpecZ (5.2.4) 

\ IN ■ a\J IN ■ a 

does not contain rj. 

Let Xn ^ gF5c be the Grothendieck-F-scheme defined by: 

Xn = SpecF(Z) U Spec^AT. (5.2.5) 

SpecF(Z[i]) 

i.e. gluing SpecF(Z) with Spec Aat along the common basic open set SpecF(Z[^]). 



SpecF(Z[i]) 


The open sets of Xn are open sets of Spec Z and sets of the form U u {rj} with 
SpecZ[-i] c [/ c SpecZ. 

The points and specializations of Xat, N = pi...pk, 



( 0 ) 


{qi the primes j" iV). 


(5.2.7) 
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The structure sheaf Ox^ is defined as follows: for any open set U c Xx, 


Oxn{U) = •) < Si,S2 > 


Si e (ii ([/)) and S2 e Oan (*2 and 


^(f7)nSpecF(Z[^]) ^(C/)nSpecF(Z[^]) 

For an open set U = SpecZ[jg] = D{M) c SpecZ , we have 

SiG%(Z)(^W)- W^]), 

S 2 G OAA^ 2 \U)), i^\U) c SpecF(Z[l]). 

the isomorphism condition gives us in that case that 

siLr"(c/)nF(Z[^]) = ■S2, 

and therefore Ox^iU) = F(Z[-^]) . 

For a set 17 = SpecZ[-^] with M\N , we have, 


*r'(C/uM) = SpecF(^Z[-]), 

i2^{U u {ry}) = SpecAiv. 


and so, 


Si G - F(Z[—]) 

S2 G (£)(!)) 2^; Ax 

where Sl|specF(Z[i]) = S2|speeF(Z[i])- 


Llv J7 

Thus Oxff{U u {rj}) is the pullback of the diagram 


A 


N 


miM 


mix]) 

which is Am, and so, Oxn{U u {v}) = 


(5.2.8) 

(5.2.9) 

(5.2.10) 

(5.2.11) 


(5.2.12) 

(5.2.13) 

(5.2.14) 

(5.2.15) 


(5.2.16) 


Alternatively, Tfiv is "integral", and Ox^iU), ior U Xx open, are all F- 
sub-rings of the stalk at the generic point Oxiv.(o) = ®'(Q)) given by 


OxAu) = \ 


n F(Z(p)) rj ^ U, 

peU 

n F(Z(p)) n Oq „ r]eU 


(5.2.17) 
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For N dividing M we have commutative diagrams 


A 


N 


■A 


M 


Spec 


-^Spec Am 


F(Z 


[W — 


[^]) SpecF (Z [A]) --^SpecF (Z [i]) 


(5.2.18) 

and we obtain a map irff : Xm Xm which is a bijection on points and further 
=C’A:„,i.e. (Trjjf)# is the identity. But note that Xm has more open 
neighborhoods of rj than X^ such as SpecZ[^] u {rj} = Spec Am ^ Spec^Ar. 
The "compactified SpecZ" is the inverse system {Xat} with indices square free 
integers N ^ 2, maps Trjjf, and partial order given by divisibility. We denote it 
by SpecZ. 

Note that the F-locally-ringed-space £(Spec Z) = lim Xjv has for points Spec Zu 

N 

{rj}, with open sets of the form U or U u {rj} with U an arbitrary open set of 
SpecZ (hence SpecZ is of "Krull" dimension 1). Note that each X^ is compact, 
and hence £(Spec Z) is compact. Furthermore, the local F-7?.ing OgpecTz ri 
(while the local F-7^ing Oxn,v i® ^n)- 
For an open set U = SpecZ [;^] we have 


0^{U) =¥(z 



(5.2.19) 


and 

Os^iU u {r,}) = Ax. (5.2.20) 

The global sections (!lg^^j^(SpecZ) is the F-7?.ing F{±1}. 


5.3 The compactified SpecO^. 

Similarly, for a number held K, with ring of integers Ok, with real primes 
= 1,... ,r(= r* + rc), let Ax,i = F(C>a:[;^]) ^ OK^i, be the F-7eing with 

iAx,i)Y,x = |a e F(C>a:[—]) : |a|r,i < l| (5.3.1) 

the Y X X matrices with values in Ok [-^j and with ? 7 i-operator L 2 - norm 
bounded by 1. 

Let Xx be the Grothendieck-F-scheme obtain by gluing {Spec AAr,i}’’=i, and 
{SpecF(OA:)}) along the common open set SpecF (Ok [;^])- For ^ dividing M 
we obtain a map : Xm Xx, with 7r){f |spec.4M,i induced by Ax,i £ AM,i. 
The inverse system {Xat} is the pro- F-scheme Spec Oat, the compactihcation 
of Spec Ok- 

The space ^(SpecOA:) = limXAr has for points SpecOA: and open 

N 
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sets are of the form U u with U open in SpecO/f, and I c r} a 

subset (and hence it is of "Krull" dimension 1). The local F-7?,ings ^ specOg ri- 
is the ring OK,rii- The global sections C> gpec(g^ (Spec Ok) is the F-7?.ing F{/rx}, 
the group of roots of unity in 



Chapter 6 

Vector bundles 


6.1 Meromorphic functions 

Let X = {Xiq,TT^}M^NfiM be a pro- object in the category 
let C/ c Xat be an open set and define a multiplicative set, 

Sn{U) = |s e Ci„(C/)i.i I VM ^ VVC e 

^a,a'e Oxm{V)y,x,{'^n)*{s) ■ a= {'k’^)*{s) ■ a' a = a'|. (6.1.1) 

Define the sheaf of F-7?.ings with involution, the "meromorphic functions" Xm, 
to be the sheaf associated to the pre- sheaf U i—> Sn{U)~^ ■ Oxn{U)y,x 

Xn = Sjf^Ox^ e F7^VX^^. (6.1.2) 

For M ^ N we have the following commutative diagram: 


Oxm '-^ 

{'^n)*^Xm ' ^ {x^)-^Xm 


Sn 


Sm 


(6.1.3) 


6.2 Rank-d Vector Bundles at finite layer. 

For any d e F, we have an injection (of sheaves) of groups 
{cLaiOxr,) GLaiXx)^ e Grps/Xx 

define, 

'Ddi^x) = r(X7v, GLd{XN)/GLd{OxN)) £ -S'ets*- 


( 6 . 2 . 1 ) 

( 6 . 2 . 2 ) 


96 
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Elements of Vd{XM) are represented as V := {ua,fa), where 

Xff = UUq, fa G GLd{X]\[){Ua), fa ° //S| G GLdiOx^), 

(6.2.3) 

and two such elements D := (ua, fa), D' := (vp, gp) represent the same element 
of Vd{XM): 

D = D' 


3Xn = a common rehnement of {ua} and {v^}, 

7 

and 3 Uy e GLd{OxN)iw^) such that fa\w^ = g/3\w^ o Uj, for ^ Ua v^. 

(6.2.4) 

We obtain a category Vec^Xx) of "vector- bundles over Xx", with objects 
U Vd{Xx), and with arrows from V = {ua,fa) e Dd{Xx) to V = (w/3,g/3) G 
deF 

Vd'{Xx) given by 


Yec{Xx){V,'D') = {her{Xx,{X)d',d), o o/, 

e Oxn{vI3 Gi Ua)d',d ^ K-xiv/d n Ua)d',d} 


(6.2.5) 

For such D = {ua, fa),D' = {vp,gp), we have the well defined element D@D' e 
DdQidfXx), 

D @ D . (Ua G , fa ® g/dluanv^) (6.2.6) 

We have associativity, commutativity, and unit isomorphisms, the unit object 
(0) = {Xx,id[o]) (where: 'D[o]{Xx) = {(0)}) is the initial and final object of 
Vec(X7v). For hi G Vec(I?i, X>'), we have ho©hi G Vec(I?o ©® ^i)) thus 
Vec(Xjv) is a symmetric monoidal category. 

For d ^ 0, we have the isomorphism classes of rank- d vector bundles 

PiCd{Xx) := r{Xx, GLd{Xx))\Dd{Xx) (6.2.7) 

and we get from © an induced commutative monoid structure on Picao{Xx) = 
U PiCdiXx) ■ 

d^O 

For Vi,'Di G PiCao{Xx), we let {Vq.Vq) ~ {Vi,V^) iff I?o © © ^^ = © 

V'q@V for some V G Picao{Xx)- This defines an equivalence relation on pairs 
{'D,iy). We let V — V denote the equivalence class of (2?, X>'), and we let 
K{Xx) = PiCao{Xx) X PiCaoiXx)/"^, the Grothendieck group of stable iso¬ 
morphism classes of (virtual) vector bundles. 

We have a homomorphism of monoids PiCao{Xx) K{Xx), which is universal 
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into an abelian group. 

For M ^ N we have pull-back of vector bundles 
:VdiXN)-^VdiXM) 

V = (Ua, fa) ' -> = ((tTw )"^Wa, (tT^ )^(/a)) 

( 6 . 2 . 8 ) 

It is (the object part of) a strict- symmetric- monoidal functor Vec(X 7 v) —> 
Vec(Xjvf), and it induces a homomorphism of commutative monoids/abelian 
groups 


PiCaoi^Xjq) ^ PiCoo^Xm) 
K{Xn) -^ K{Xm) 


(6.2.9) 


Remark 6.2.1 

We have a partial order on VdiX^) 

V = {Ua,fa) iiD' = {V0,g0) id[d] G Yec{XN)iV,D') 

90 ^ o /a e Oxn{v 0 n Ua)d',d for all /3, a. (6.2.10) 

The action of the group T{Xn,GL d{XN)) on Vd^Xx) preserves this partial 
order. The maps of (6.2.8) is order preserving, and is covariant with 

respect to T{Xx,GLd{XN)) T{XMjGLd{XM)) ■ 

6.3 Vd{X), Rank-d Vector Bundles in the limit. 

Passing to the limit lim „, Xx, we have a symmetric monoidal category Yec{X) = 
lim., Vec(XAf). 

It has objects IJ lim^VdiXx), and for V e Vd{Xxo),V' e VdfXx^), 
deF 

Yec{X){V,V')= hm Yec{Xx){{TT%^)*V,{^^,)*V) (6.3.1) 

N^No,N'^ 

The isomorphism classes of rank-d vector-bundles are given by 

Picd{X) = \\^Picd{Xx) = \\mV{Xx,GLdQCx)) \ lim VdjXx) 

N N \ N 

The direct sum © induces a commutative monoid structure on Picao{X) = 
U Picd{X) , and passing to stable isomorphism classes of virtual vector- bun- 

d^O 

dies we obtain the Grothendieck group 

K{X) = \jmK{Xx) G Ab. 

N 


(6.3.2) 
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We describe next another passage to the limit (which is kind of dual to the one 
above, as we consider " lim ,^ . Set 

^ jD = {DN},VNBVaiXN), (*) > I?m,1 

’ \ {**) 36oeVd{XNo), ViV^iVo, Pat ^ j 

(6.3.3) 

i.e. Bd{X) is the collection of bounded below (**), monotone decreasing (*), 
filters of vectors bundles. 

Define a transitive reflexive relation on Bd{X), 

{Vn} > {V'n} 


|V5o G VdiXNo) such that yx ^No (6.3.4) 

^ ViV > Af'(^ No) Dm ^ (^wJ^<5o| (6.3.5) 

and an equivalence relation, 

{Dm} ~ [D'm) (6.3.6) 

if {Vm} ^ {V'm} and {Vm} > [Vm) (6.3.7) 

Finally, we dehne Vd{X) to be the ~ equivalence classes: 

Vd{X) := 6d(^)/~ . (6.3.8) 


It is a partially ordered set, with an (order preserving) action of the group 
GLd{X{X)) := \\^^GLd{XM){XM). 

Example 6.3.1 

We have 

Dd(S^^) = GLd(AQ)/Od X nGLd(Zp) , (6.3.9) 

where Aq is the ring of Adeles of Q, and Od = GLdiO-^ ^) the orthogonal group. 

For a finite p, the symmetric space Sp = GLd{Qp)/GLd{1‘p) can be identi- 
hed with the GLd{Qp)- set 

= {£ c Q®'^, £ is a Zp -lattice} (6.3.10) 

via, 

(/•GLd(Zd)^5(Z®^), (6.3.11) 

since GLd(Qp) acts transitively on C , and the stabilizer of Z®'^ is precisely 
GLdi^p). 
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Similarly, for the real prime ry, the symmetric space = GLd(K)/Od, can be 
identified with the GLd(]R) -set C^ = {Q ^ M, symmetric and positive definite}, 
of positive definite quadratic forms Q, or alternatively by the associated ellip¬ 
soids Cq := {a; e R®'*, x o Q o x* ^ 1}, so that the correspondence is given 
(more like the case of hnite p’s) as 

= GLd{M.)/Od ^ e ellipsoid} (6.3.12) 

g-Od-^ ff(Z®''). (6.3.13) 

with Z®'’* = {x G R®'^, X o x* ^ 1} the d- dimensional unit ball. 

The Adelic symmetric space Sa = GLd(A) jOd'^ HpGLd(Zp) can be iden¬ 
tified with the restricted- product £. = £ x i it is the subset of the 

^ =A =r/ =p ’ 

product consisting oi I = (li,l 2 ,h,h, ■ ■ ■) such that Ip = Z®'^ for all but finitely 
many p’s. Each such I is a compact subset of A®'^. 


In the space = Spec F(Z) ]_[ A^, N = pi.. .pi, we have the 

SpecF(Z[i]) 

system {V^, ,..., } of cofinal coverings for M = qi.. .qk prime to N, 

with 

Vpf = SpecF(Z[^^]) = (6.3.14) 

= Spec Aat (independent of M\). (6.3.15) 

(for every open cover {■Uq-} of Xn, there exists M such that {V^,Vj^} is a 
refinement of {■Uq,}). 

The sheaf /Cat of meromorphic functions is the constant sheaf F(Q), for all N. 
Thus we can represent an element of DdiX^^) by a sequence {gp, Ppi,. ■., gp^) G 
GLd(Q)('+^^withg-i ogp, and g^.^ogp^ in F[ GLd{Zp) , (a vacuous condition 

p\N-M 

since M is arbitrary). 

Two such sequences igp,gpi ,..., (/p,), and (hp, hp ^,..., hp,), represent the 
same element of DdiX^), if and only if h~^ o gp^ e GLdCZip.), and h~^ o e 
OdnGLdiZ[A]). 

Thus we have the well defined map 


divpj ((^p, ^pj,..., ^pj ) { £p} , £p 


divN '■ Dd{XN) 

'ffpFZ®/) p = p.\N 

p\NoTp = p. 


(6.3.16) 

(6.3.17) 


For N = pi - ■ - pi, and for N' = p'^- ■ -pp prime to N, the map 
Xn-n' Xpf, induce pullback : VdiXpf) —* VdiX^.N') , and 

i'^N 9pi : ■ • ■ ) 9pi'}l ~ i.9pi 9pi ) • ■ • j 9pi : ffr/; • ■ • ) 9p)/'^ ) 


(6.3.18) 
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i.e. gri placed in the pC spots. Thus we have a commutative diagram: 



(6.3.19) 


Note that [JdivN{T)d{NN)) is the dense subset of C consisting of {£„} 

N ~ 

with arbitrary Cp at finite primes p, and with Cp defined over Q (i.e. Cp G 
GLd(Q) • (Zf) c while GLd(Q) • (Z® 

Given = {T>n} g Bd{X), X = Spec Z = {Xa?}, monotone decreasing bounded 
below sequence, we let divU := (~]divN{DN), the intersection taken in A®'^. 

N 

Thus div{T>)p = divN{DN)p, for all hnite p, and all N divisible by (some fixed) 
No, and div{D)p = f^Pp (Z®'^) (where Pp is the rj- component of X>jv) is an 

N 

(arbitrary real) ellipsoid. We have V = {Dn} ^ D' = {D'j^}, if and only if, 
div{V) 3 div{D'), and so div{ ) induces a bijection 


Vd{X) = Bd{X)/^ ^ ^ Xa. (6.3.20) 

div 


In exactly the same way, we obtain for any number field K, a GLd{K)- 
covarient identification 


Pd (Spec Gat) ^ CLdiAx) 


YlGLdiOK,.) , 


(6.3.21) 


where Ak is the ring of Adeles of K, Ok,v the local ring at v for hnite vA, and 
GLd{OK,u) = Od (resp. Ud) the orthogonal (resp. unitary) group for v real 
(resp. complex). 


For d = 1, GLi{Xn)/GLi{Oxn) = ^ sheaf of abelian groups, and 

we have the ordered abelian group Pi (A), and its quotient by GLi(/C(A)) = 
lim GLi{Xn{Xn)), the completed- Picard group 

N 

PTciiX) := GLi{X{X))\vi{X). (6.3.22) 

For a number held K, 


Pfci (Spec Gat) = K 


\* 


no 


* 

K,d • 


(6.3.23) 



Chapter 7 


Modules 

7.1 Definitions 

Definition 7.1.1 

Let A e F77. We denote by A-mod the full subcategory of the functor category 
{Ab)^^^ given by 


A-mod= = {My,x} e (Ab)^^^'”’ , Mo,x = {0} = Mr.oj- (7.1.1) 

Thus an A- module M is a collection of abelian groups My,x, for X,Y e F, 
together with maps: 

Ay',y X My,x X Ax,x' My’,x’ (7.1.2) 

a,m,b 1-^ ao m o b (7.1.3) 

such that, 

a o {m + m') o b = aomob + aom'ob, (homomorphism) (7.1.4) 

(oi o 02) o m o (62 o bi) = oi o (02 o m o 62) o bi, (associativity) (7.1.5) 

idx o mo idx = ni. (identity) (7.1.6) 

Notation: for m e My,x we will write 

a o m := a o m o idx, (7.1.7) 

m o b := idx o m o b. (7.1.8) 
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Proposition 7.1.1 

A-mod is complete and co-complete abelian category. It has enough projectives 
and injectives. 

Proof. (Well known). All (co)limits can be taken pointwise {\\v[\M)y.x = 
lim(My_jf)- The evaluation functor i^'^ : A-mod —> A&, M = My.x, has a 
left (resp. right) adjoint i^’^ (resp. i^’^). Taking a surjection p^’^ My.x 
(resp. injection My^x ^ P^’^) with projective (resp. injective) in Ab, 

we obtain a surjection (resp. injection) 0 ij'^p^’^ M (resp. M ^ 

Y,x ' 

from a projective (resp. into an injective) A- module. □ 

Y,X 

We have the following injective and surjective maps: 



Myo^Xq © Myo.Xi © My^^Xo © My^.Xi ^YoQiYt_.Xo®Xi 



(7.1.9) 


given by, 


where, 


f mQQ 
\mio 


TOoi^ 

miij 


2 ly.omi^joU^,, 
* . 1 = 0,1 


(ly. o TO o \Xj) ■<—I m. 

ly e Fy^y^y, ly^. G Fx,-,Xoei^i ■ 

(Ixj o Ixj = idxjAxj o ly^ = idxj © Oxi_j ,j = 0,1). 


(7.1.10) 

(7.1.11) 


Note that the composition g o f = id, therefore it is a direct summand, but in 
general f o g ^ id, in fact, 


f O g = id TO= V ly O ly. O TO o ly^ o (7.1.12) 

*.J=0,1 


Vto G My0y_Xo0Xj. 
There is a similar correspondence : 


(Myi)^®^ 



Myx 


(7.1.13) 


where (Mi.i)^®^ is a direct summand. 


1* O TO o 1, 


TO 


ix,y)eY<S)X 
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‘^y,x ' * E lyomy^^oll (7.1.14) 

xeX,yeY 

If these maps are isomorphisms for all X,Y e F, we say M is a "matrix A- 
module". 

In particular, the map / of (7.1.9), made up from the F- action of ly^ and 1)^^, 
gives the "direct- sum" for M: 

Myo,Xo X Myo®Yi,Xo®Xi (7.1.15) 

{mo,mi) I—> Too © rrii := ly, o mo o 1^^ -|- ly. o mi o (7.1.16) 

Note: associativity, commutativity, unit -isomorphisms are the canonical F- 
isomorphisms. The map (mo, mi) i—> mo © toi is strongly natural in the sense 
that 

ao (mo©TOi) oa' = (ao ly^) omoo (1^^ oa') -I- (aolyj omi o (l*Xx o^'), (7.1.17) 
In particular it is natural, 

(oo © ai) o (mo © mi) o (a'o © a'l) = (oo o mo o a'o) © (ai o mi o a'l) (7.1.18) 


Example 7.1.1 

Define e F-mod by 



:= free abelian group on (lo,lfo). 


(7.1.19) 


Yo<^Y , #Yo := k 
Xo^X , ^Xo = l 


(7.1.20) 


and the F- action of a e Fy/ Y,b e Fxx'j is defined on the generators (lojlfo) 
of (M'^-Odx by: 


ao (ro,Xo) ob = 


(a(Yo),U(Xo)) Yo e D(a) , Xo c 1(b) 
0 otherwise 


(7.1.21) 


The rank at every degree (Y, X) is easy to calculate and is given by. 


Rank’£ ( My ^ ' — 


W\ 


(7.1.22) 


where in case fc > 1 or / > 1 and X = Y = \ we have: 
It is an example of a non- matrix F- module. 



{ 0 }. 
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Example 7.1.2 

Define e F(Z)-mod by, 


(m'^A =Homz( ^(Z-X),^(Z-V)) (7.1.23) 

\ /y,x \ z Z ^ 

and the F(Z) -action of 

a G ¥{Z)y',y = Hom 2 (Z ■Y,Z-Y'), be F{Z)x,x' = Hom^(Z -X^Z-X), 

(7.1.24) 

is given by, 


a o m o b := /\(a) o mo 
Note that it is non- matrix. 

Tensor product: 

For M, N G 7l-mod, we have their tensor product M C> N e A-mod, 

A 


(7.1.25) 


{MON)y^x '■= @My,z® Nz^x / {( m o a) ® n ~ m® {a o n),m e My,z', cl g Az'^z^ n e Nz,x} , 


Z 


and we have their left (resp. right) inner horn Hom^^(M, N) e A-mod 
Hom‘^(M,N)Y,x := {<fi = {<pz}, <fiz e Ab(Mz,x, -^z^y), <fi(a o m) = a o (p(m)} 
with A- action: (oi o (p o 02)(to) := (p(m o oi) o 02. 

resp., 

Howl\{M,N)y,x '■= {lp = {lpz}, ipz ^ Ab{Mx,z,NY,z), (p{m o a) = (p{m) o a}, 

with A- action: (ai o tp o 02)(to) := oi o ip(a2 o to). 

We have the adjunction: 

2l-mod(M ®N,K) = A-mod(M, Hom(4(W at)) = A-mod( 7 V, Hom(4(M, itT)). 

A 

Note that C>a is associative, but Not commutative, and has unit A only if A is 
an A- module, i.e. A e (FTT.)'^*'. 

Definition 7.1.2. A- modules with involution: A-mod* 

For any A e F 77 .* define A-mo(t to be the category of M = {My,x} £ A-mod 
with an involution, 

( Y : My,x ^ Mx,y ( 7 . 1 . 26 ) 
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m I—> TO* (7.1.27) 

satisfying: 

(too + TOi)* = TOq + m\ (7.1.28) 

( to *)* = TO 

(a o TO o &)* = &* o TO* o a*. (7.1.29) 

The morphisms in A-mo(f between two such modules M, N, are given by the 
set: 


A-mo(f{M, N) = {ip e A-mod{M, N) ip{m*) = (/3(to)*}. (7.1.30) 


Proposition 7.1.2 

The category A-moct is complete and co-complete abelian category with enough 
injectives and projectives objects. 

Proof. Same as proposition 7.1.1. 

□ 

Free A- modules 

For X, y G F and an abelian group N G Ab, we have the adjunction: 

A-mod(^Y’^N,M^ = Ab(^N,MY,x^ (7.1.31) 

where the i\ functor defined by, 

(ir’^iV)iv.z = @ N. (7.1.32) 

An element of {if’^N)w,z has the form X;^=i' i.O'iAi) with Ui G N,ai G 
Aw.vAi s Ax^z- 

(where 0 • (a, &) = n • (0, 6) n • (a, 0) 0,) (7.1.33) 

The A- action on such an element of a G Aivpiy, b G Az^z' is given by: 

a o (Eni(ai, bi)) ob = Eni{a o Oi, bi o b). (7.1.34) 

In particular, we have the free A- module of degree {Y,X): 

:= 

A-mod(A^’^, M) = My^x- 


(7.1.35) 

(7.1.36) 
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For A G ¥TU (with involution!) ,X,Y G F, iV G Ab,M G A-mod*, we have the 
adjunction: 


A-mod\h’^,M) = Ab{N,MY,x) (7.1.37) 

where now: {h'^N)w,z = ( ® ^ ^ Nj (7.1.38) 

5^ ■' \AwxxAv t: ' 


has A- action as above and has involution, interchanging the summands above: 


(Snj(aj,&j))‘ = En,{bl,al). 


(7.1.39) 


The free A- module with involution of degree {Y,X), AJ’^ , 
N = Z: 

AY'^ := zj^’^Z with involution, 

A-mod* {A^’^, M) = My,x 


is obtained by taking 

(7.1.40) 

(7.1.41) 


Similarly, for I G Set/¥ x F, i.e. / is a set together with a map / —> F x F, z i—> 

[Yi,Xi), we have the free A- module, A^ = giving the adjunction: 

i€l 

A-mod A-mod(A^,M) = Set/¥ x F {I,UM). (7.1.42) 



Set/¥ X F 

If we let ( Set/¥ x F)‘ denote the category of sets over F x F, J ^ F x F, together 
with involution i.e. a bijection I ^ z*,z“ = i,{I~^{Y,X)Y = I~^{X,Y), 

than we have the adjunction: 

A-mod‘ A-mod‘ (Aj, M) = {Set/¥ x ¥)* (J, UM). (7.1.43) 



(S'et/F X F)‘ 

7.2 Commutativity for Modules 

Let M G A-mod*-*^ . 

Definition 7.2.1 

IFe say M is Total commutative : 

\/meMY,x, beAj^j, 

(0^) ° (0^^) = (0"i) o (0^)> 

Y J IX 


(7.2.1) 
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Commutative : 

MmeMy^x, de Aj^i, 

(©^) o (©^) o = (©^ O d) om = mo (06 o d), 

Y J X ^ 


Central: 


ymeMy.x, heAi^i 

(^6) o m = mo (^6) := b ■ m. 
Y X 


(7.2.2) 


(7.2.3) 


i.e. the monoid Ai^i acts centrally on My^x, o>nd we denote this actions byb-m. 


Note that, 


total commutativity commutativity centrality. 

We let CA-mod (resp. A-modtot-com, A-modcent'i) denote the full subcategory 
of A-mod consisting of commutative (resp. totally commutative, central) Ti ¬ 
me dules. 

We have the following adjunctions between the categories, 

A-modtot-com< ^'"^ > CTl-modC2-^-modeentrU ^'^'^ > ^-mod 

the left adjoint given by the quotient maps: 


Mtot-com - CM - M (7.2.4) 

For M G Tl-mod|.*2ji/;, and S c A^^} multiplicative, we have the localization 

5'"^M G S'"^Tl-mod(‘). (7.2.5) 

We have 

{S-^M)y^x ■■= {My^X X S)/ ~, (7.2.6) 

(ru-o. So) ~ (m-i, si) 3s G S' such that (s • si) • mo = (s • sq) • mi, 

and denoting by m/s the equivalence class of (m, s), we have 

{a'/s') o {m/s) o {a"/s") := (o' o m o a")/{s' ■ s ■ s") (7.2.7) 

In particular we have localizations 


Mf := SfM, Sf = {1, /, /2,G Tl(+) 

Mp := Sp"^M, Sp = Tli+\p, p G Spec(+) Tl. 
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Remark 0 

If A e ¥TZ is such that there exists b G Aij, d G bod = 1, bj = bolj = 0, (or 
dj = 1* od = 0) then CA-mod= {0}: If M G A-mod is commutative, m G My,x, 

m = {hod)-m = (06)o( 2 lr,omol^.)o(0d) = ^(06^)omo(0dj) = Yj{bjodj)-m = 0. 

y teJ X jej y X j 

(7.2.8) 

E.g. when A = F^. 

Remark 1 

If M G F -mod, then M is automatically commutative. 

Remark 2 

If M G FIS'} -mod, M commutative M central: (©s) o m = m o (©s), 

V s e S,m e My,x- For S = {±1}, (©(—!)) o m = mo (©(—!)); if this is —m 

(=the inverse of m in the abelian group My,x), we shall say M is "(—!)- true". 

For S = N, ©(p) o TO = m o ©(p) for all (prime) p G N; if this is equal to p • to 

(= (to -I- TO -f • • • -I- to), p times), we shall say M is " N- true". If it is both (—1)- 
true and N- true we shall say it is "Z- true". 

Remark 3 

For R G CRig, M G F(i?) -mod, toq, toi g My,x, the element toq * mi G My,x 

TOo*mi = (©(1, 1))o(too©TOi)o(© Q^) = (©(1, l))o(lYnOTOoOl^g-|-lYiOTOiOl(fJo(© ^1^). 

(7.2.9) 

is equal to toq + mi (indeed, (toq -I- Wq) * (toi -I- m'l) = (toq * mi) + (ttiq * m'l) ). 

Assume that M is commutative as F(i?) -module. For r e R,m e My,x, put 

r ■ m := (©(r)) o to = to o (©(r)) (M central). (7.2.10) 

y X 

We have (ri •r 2 ) • to = ri • (r 2 • m), 1 - to = to, 0• to = 0, r • (to -I- to') = r-m + r-m', 

(by definition!), and moreover, 

r-m + r'-m = (©(1,1 )) o (ly^ o r • to o Ixo + lyi o r' • TO o 15 ^J o (© ) 

= (©(r, r')) o (to©to) o (© Q^) 

^ o TO (M commutative) 

= (r 4- r') • TO. 



(7.2.11) 
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Thus My,x is an R -module. For a G e the map m i—> 

aomob is an R -module homomorphism, so M e (i?-mod)®'i^i^®'i^i 

Note that M is N- true, and if i? G CRing, has negatives, (—1) • m = (©(—1)) o 

m = mo (©(—1)) is equal to —m, the inverse of m, and M is Z- true. 

Conversely, if M G (i^-mod)®'(^i''®'(^)■’^ is an F(i?)-module with values in R 
-modules such that for r e R,m e My,x, (©(?')) o m = mo (©(r)) = r ■ m, (i.e. 

M is central, and the action of the monoid F(i?)i i = i? is the given R -module 
structure on My.x), then M is commutative as F(i?) -module: 

^©(ri,..., r„) j o ^ © o ^ © 




© ri • r ■ • m o 
f=l / 




ri • • m -I- • • • -I- r„r^ • m = 

[rir'^ -I- • • • -I- r„rjj] • m = {My,x e i?-mod) 



(7.2.12) 


7.3 Sheaves of Ox- modules 

Definition 7.3.1 

Given {X,Ox) e F77.i*iiSp, define an OxM to be a functor 



U^M{U),forU<zX open, 

(7.3.1) 

such that, 


M{U) G COx{U)-mod^*\ 

(7.3.2) 

for U U' (z X open: 


b\u ° TTT'lu ° d\u = (b o m o d)\u, 

(7.3.3) 


{resp. {m\uY = m*\u), 

(7.3.4) 

and yX, r G F, 


U 1 —> M{U)y,x is a sheaf 

(7.3.5) 
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Definition 7.3.2 

Let A G CWTZ^*'>, X = Spec^"*"^ A, M e CA-mo(f*\ Define M g Ox-modf-*\ 


M{U)y,x = 
We have, 


{s : U —* ]J(Mp)v_x 5 s(p) G {Mp)y,x such that locally s(p) = m/f.} 
peu 

(7.3.6) 


Proposition 7.3.1 

For p G Spec^"*"^ A, 

(M)p = Mp. (7.3.7) 


Proof, see Proposition 3.4.2. □ 

Theorem 7.3.2 

For / G 

M{D^+\f)) = Mf. (7.3.8) 

Proof. Replace a G Ay,x by m g My,x in Proposition 3.4.3. □ 

Theorem 7.3.3 

Let X G gFTZ^^^Sc , M G Ox-mo(f*\ the following conditions are equivalent, 

(1) = U Spec(+) Ai, 3M, G M|sp,,(+) (7.3.9) 

(2) VSpec^+^^cX, M(Spec(+) A)M|sp3 ,(+)^, (7.3.10) 

(3) V [/ c X open, G OxiU)[+^, letting D{g) = {p G U,g\^ G GLi{Ox,p)} ^ U, 

restriction induces isomorphism: M(U)g ^ M(D(g)). (7.3.11) 

We say M is "quasi- coherent" Ojf-module, and we denote by q.c. Ojf-mod*'*^ 
the full subcategory of Ojf-mod*'*^ consisting of the quasi coherent Ox-modules. 

For an affine X = Spec^'*’^ A, we have an equivalence 

C^-mod^*^ ^ q.c. Ox-mod^*^ c Ox-mod*'*^ (7.3.12) 

Ml —> M, 

M{X) <—I M. 


(7.3.13) 
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7.4 Extension of scalars 

For (p G we have an induced pair of adjoint functors: We use 

geometric notations 

A-mod^*^ " B-mod^*^ 


The right adjoint is: 

Nl - ^p^N = Nb:=N (7.4.1) 

with B- action given via p: 

bi o n o b 2 '■= p{bi) o n o p{b 2 )■ (7.4.2) 

The left adjoint will be denoted hy M ^ p* M = M^. The abelian group 
{M^)y,x is obtained from the free sum: 

0 0 Mw,z (7.4.3) 

W,Ze¥M,w>^Az,x 

whose elements can be written as sums 

k 

^ Oi o [rrii] o o', G Ay^Wt, ^ ^Zi,x, 'mi ^ ^Wi,Zi- (7.4.4) 

i=l 

with ao [to + to'] o a' = ao [to] o a' + ao [to'] o o', (7.4.5) 

by dividing by the subgroup generated by all elements of the form 

a o [6 o TO o 6'] o a' — (a o p{b)) o [to] o {p{b') o a'). (7.4.6) 

If (/? G ¥TU{B,A), M g B-mod* then G 7l-mod* has automatically an 
involution, 

(^ Qi o [to*] o af = XI Ci ° ° {7A.7) 


7.5 Infinitesimal extensions 

Let A G ¥TZ, M g A-mod, We define the infinitesimal extension AY[M G 
(F77./A)“^, an abelian group object of the category ¥TZ/A of F-77.ings over 

{^AHM^y^x •= Ay^xHMy^x (7.5.1) 

(a, m) o (b,n) := (aob, aon + mo b) (7.5.2) 

(ao,TOo) © (ai,TOi) := (ao © oi, toq © mi) (7.5.3) 

We have homomorphism 


TT G ¥TZ{AHM, A) , 7r(a, to) = a 


(7.5.4) 
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Furthermore the map, 

/xG WTZ/A (^{AUM)YI{AUM),AUm'^ , ^(( a, to), (a, to')) = (a, TO + to'). 

(7.5.5) 

satisfy associativity, commutativity, unit: eG ¥71/A (^,AHM^, e{a) = (a, 0), 

antipode: S{a, to) = (a, —to) and so makes ^ M into an abelian group object 
in WTZ/A. 

In the case where A G F7^‘, M G A-mod*, A M, has a natural involution 

{a,my := 

and so AH M G ( ¥7U/A)^K 


Note that we have the (strict) implications 

A totally-commutative A commutative (as F-77.ing) 

, . X ^ AUM commutative ^ ^ / a i i ^ 

M commutative M commutative (as A-module) 

7.6 Derivations and differentials 

Definition 7.6.1 

Let ip G F7e(*) (C, A) , Me A-mod!-*'’. 

Define the C -derivations from A to M to be the set: 

Ver^Q^AjM) := = {Sy,x ■ Ay^x My^x} such that 

(*) Leibnitz: 5{ao a') = 5{a) o a'ao 5{a') 

(**) C- linear 6{‘p{c)) = 0. 

(* * *) 5{ao 0 ui) = 6{ao) © (5(ai) 

{resp. 5{af = (5(a*)) (7.6.1) 

It is a functor Der^^ {A, _ ) : 7l-mod^*^ ^ Ab, representable by the A- module 

of Kahler differentials LL{A/C) g xl-mod^*\ The abelian group D{A/C)y^x has 
elements that are sums of the form 

k 

^ TOi • a' o d{ai) o a" (7.6.2) 

i=l 

mi G Z,a' G Ay^\y^,ai G e 


(7.6.3) 
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with the relations, 

(*) Leibnitz : o' o d{b o b') o a" = (o' ob)o d{h') o o" + o' o c;(6) o (5' o o") 

(**) C- linear o' o c?((y9(c)) o o" = 0. 

(7.6.4) 

(or equivalently, 

o' o (^(c') o d{a) o (^(c") o o" = o' o d{ip{c') o o o (/j(c")) o o".) 

(***) o'oci(ao©ai)oo" = (a'olyg)ofi(ao)o(l(,f^oa") + (a'olY-Jo(i(ai)o(l(,j.^oa"), ai e Ayi^Xi- 
li Lp e ¥Ti}{C,A), i.e. has involution, then D{A/C) e A-mod*: 

Sm* • o' o d(oj) o o''^ = Swi • (o'')* o d(a') o (o')‘. (7.6.5) 

E.g. for A = C\5y,x\ = C* ©p F[(5y_x] we have, 

n(C'[(5y,x]/C') = free C\5y,x\- module of degree (E, X) with generator d{dY,x)- 

(7.6.6) 

and similarly, for A = C[i5y_jf, (5y the free - C - F-77.ing with involution, 
LI{C\5y,x,5y^x^/C) = free C\5Y,x,bYx\- mod with involution of degree (Y,X) 

generated by d{SY,x)- (7.6.7) 

For ip e ¥TZ^*'l (C, A), B e C \ ¥TZ^^l / A, i.e. we have ¥TZ^*'L maps 

e:C -^B, 
n : B A, 

TT o e = p, (7.6.8) 

we have the following identifications, for M e A-mod^*^: 

^:B~.Ar[M, ^(b) = (7r(b),S(b)) 

6yX '■ ByX —> MyX, S{b o b') = 5{b) o 7r(fo') + 7r(fo) o 5{b') 

mc))^o 

<5(6o©5i) = (5(5o)©(5(6i) 

(respectfully, 5{h*) = (5(6)*) 

= Ver^c\B,MB) = S-mod^*)(0(5/©), Mb) = Mmod(‘)(0(B/C')^, M). 

(7.6.9) 


C \ F7^(*) / a) {B, AHM) 


= < 
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Thus we have the adjunction: 

n(B/C)^ A-mod(‘) M (7.6.10) 

1 !1 I 

B C\ / A AHM 

Restricting to commutative R-modules CA-mod^*\ we have similar adjunction, 
with Ll{B/C)^ replaced by its commutative quotient CD,{B/C)^. 

7.7 Properties of differentials 

Given a homomorphism k —> A ot FTT.*'*^ and M e A-mod^*\ we have the 
bijection: 

Verify (A, M) = A-mod^*) (^D{A/k),M^ . 

TodA/k^T, (7-7.1) 

where dA/k ■ ^ D(A/k) is the universal derivation. 

Property 0 

Given any commutative diagram in C¥TZd) ^ and M’ e A'- mod*'*^ 

(7.7.2) 

we have a sequence of homomorphisms: 

Ver^^) {A', M')^ - {A', M') -^ Verf^ {A, M') (7.7.3) 

represented by the A'- mod homomorphisms (with commutative diagrams of 
derivations) 

n{A/k)^' —^ n{A'/k) —^ n{A'/k') (7.7.4) 
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Property 1 (First exact sequence) 

Given a commutative diagram in 

A - - -^ A' (7.7.5) 

k 

we have an exact sequence: 

n{A/k)^' -^ D{A'/k) -^ D{A'/A) -^ 0 (7.7.6) 

Proof. Applying A'-mod{_, M') this is equivalent to 

0-^ VerAiA', M') -^ VerkiA', M') -^ Verk{A, M') (7.7.7) 




is exact for every M' e A'-mod, which is clear. □ 

The first exact sequence (17.7.61) will be exact on the left, if and only if, any 
derivation D : A ^ M' into an A'- mod has an extension to a derivation D' of 
A' 

A (7.7.8) 



A' 


e.g. this holds if : A —> A' is a retract: have if : A' ^ A, if o (p = idA, and 
can take D' = D oif. 


Property 2 (Second exact sequence) 

For a surjective p : A ^ A', 


IC£n{(p) = AYIa'A 



we have an exact sequence 

n{AY[A/k)^' 4 n{A/k)^' Vt{A'/k) 0 

A' 


(7.7.9) 


d(ao, ui) 


d(ao) - d{ai). 


(7.7.10) 
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Proof. Applying the functor A'- mod(_, M') this is equivalent to the left exact 
sequence, 

0 ^ Verk{A',M') ^ Veru{A,M') ^ Perfe(AA, M') 

A' 

D^D{aQ,ai) = D{aQ)-D{ai). (7.7.11) 
which is clear. □ 

Moreover, we can replace = Ll{AWA/k)^ on the left of (7.7.11) by its 

A' 

odd quotient (w.r.t. the involution permuting the factors), = 0^“^^/d{ao, ai) + d{ai,ao) ■ 

Furthermore, we have a map 6 : = D{AY[AY[A/k)^ 

A' A' 

d(ao, oi, 02 ) 1 -^ (i(ai, 02 ) - d(ao, 02 ) + d(ao, oi), 
and since 5 o 5 = 0, we can replace on the left of (7.7.11) by . 

Property 3 

fl(Ai 0k A^/k) © fl(A2/fc)^i®'“^A (7.7.12) 

Property 4 

fl(A©fc k’/k’) ^ fl(A/fc)^®'“'='. (7.7.13) 

Property 5 

Differentials commute with direct limits: we have isomorphisms of A = lirn Aj- 
modules, 

D(lim Ai/limfci) = ]im(D(Ai/fci)), (7.7.14) 

Proof. Taking A-mod(_, M) this is equivalent to 

A-mod(D(A/ lirn kf}, M) = Denimfei (A, = lim Derfc,- (A^, M) = lim A;-mod(D(Ai/fci), M) 

= A-mod(lim D(Ai/fci), M). (7.7.15) 

□ 

Properties (0) — (5) all hold with D replaced by its commutative quotient 

CD. 

Given multiplicative sets a c ki^i,S c Ai^i, such that (f : k ^ A, takes 
V3i,i(o') c S, we have 


Cn{S-^A/a-^k) ^ S-^CD{A/k). 


(7.7.16) 
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Example 7.7.1 

For a map of monoids ip e Mon(Mo, Mi), and the associated map of F-7?.ings 
$ = F{(p} G F7^(F{Mo},F{Ml}), the F{Mi}- module D = n(F{Mi}/F{Mo}) 
is generated by d(rn) G Oi^i,m G Mi, and so is a matrix- module LIy,x = 
and = n(ziMi]/Z[Mo]) is the usual bi- module of differentials 
of the associated rings. For Mi commutative, CLty^x = and CDyi 

the usual module of Kahler differentials of Z[Mi]/Z[Mo]. 

Example 7.7.2 

For a map of rings ip G Mon{Ro,Ri), and the associated map of F-7?.ings $ = 

F((p) G F7^(F(i?o),F(i?i)), the F(i?i)- module O = n(F(i?i)/F(i?o) ) is generated 
by d{r) G ni.i,r G Ri, and so is a matrix- module LIy,x = and 

= n(Z[i?i]/Z[i?o]) is the usual bi- module of differentials of the associated 
rings. For Ri commutative, CflY,x = and the usual module 

of Kahler differentials of Z[i?i]/Z[i?o] ■ 

7.8 Differentials of F(Z) and F(N). 

Theorem 7.8.1 

The module LI = 0(F(N)/F), (respectively, n(F(Z)/F{±l}) ) is defined as: 

Lln,m = /cee abelian group on generators: 

[a\^,] = ao d{l, 1) o and [a, a'\b] = (a, a') o d o b, Mb, b' G N™, Va, a' G N", 

(7.8.1) 


(respectfully, b, b' G Z™, a, a' G IP), 
modulo relations: 


( 0 ): 

(Comm) : 
(.4ss) : 


bi -f &2 

bs 


= [a, a'| 0 ] = [0,a'|5] = [a, 0|5] = 0 , 


[a, a'\b] = [a', a|6]. 


■F 


bi 


+ 


\b2 + bs) 

[ai + 02,0316] + [oi,02|6] = [01,02 + O3I6] + [02,03|6], 


{Almost linear) : [oi, 02 | 6 i + 62 ] + 


Oi + 02 


Ol 


+ 


02 


+ [oi,02|6i] + [01,02162]. 
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respectively and the relations, 


{Cancellation) : 



+ [a, —a\b\ = 0 


(- 1 ): 




[a, a'l — b] = [—a,—a'\b], 


(7.8.2) 


Proof. By the description of 92.101 F(N) = 2 ]/relations, (respectively 

F(Z) = F{± 1 }[( 5 i_ 2 , 1^2 i]/relations), the second exact sequence (7.7.11) gives 
that n is the free F(N) (respectively F(Z))- module on dSi ^2 = d(l) 1) and 

dSl 2 = d ) modulo the derived - relations. 

The (0) relation follows, from the implication, 

(1.1) O Q = ( 1 ) ^ d(l, 1 ) o Q = 0. (7.8.3) 

The {Comm) relation follows since, 

(1,1) 0(^5 =(1,1) ^ d(l,l)o J)=d(l,l). (7.8.4) 

The (Tlss) relation follows since, 

(1.1) o((l,l)©idi) = (l,l)o(idi©(l,l)) 


d{l, l)o((l, 1 )©( 1 )) + ( 1 , l)o(d(l, 1 )© 0 ) = d{l, l)o((l)©(l, 1 )) + ( 1 , l)o( 0 ©d(l, 1 )) 


Thus 


I 




, [—, —15] are symmetric normalized 2-cycles V 6 , Va. 


(7.8.5) 


The {Almost linear) relation follows since by total commutativity. 




110 0 
0 0 11 


(I 0 \ 
0 1 
1 0 
VO ly 


= (( 1 , !)©(!, l))o(( J)©(J)) 


d O ( 1 , 1 ) + 1)1/1,2 + <^( 1 ; 1)2/3,4) O 


(I 
0 1 
1 0 
VO ly 


+ 
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+ 


110 0 
0 0 11 


id 


+ d 


1 , 3/1 


)■ 


(7.8.6) 


2 , 4/2 


Here the subindices indicate how the matrices act on the differentials (left/right), 


so that multiplying (|7.8.6I1 by (oi, 02 ) on the left, and by 
obtain the almost linear form of the theorem. 


on the right, we 


Respectively for Z, the {Cancelation) relation follows since, 

-l)°(l) ^ d(l,l)o(^_^^)+(l,-l)odQ =0. (7.8.7) 

□ 


The commutative quotient CH = C'H(F(N)/F) (respectively, C'H(F(Z)/F{±1})) 
is obtained by adding the relations for all A e N(respectively, Z), (cf. Remark 3 
of iZ21): 


a 

b 

b' 

= 

A • a 

b 

b' 

= 

a 

1 - 

'\b 


[A 

a, A 

a' 

b\ = 

= [ 

a,a'\\ 


(7.8.8) 


Define Ny,x '■= free abelian group on generators [a|6],a e Z^ = F(Z)y^i,6 e 
Z^ = F(Z)y X, (he. we think of the a’s as column vectors, the 5’s as row 
vectors), modulo the relations [a|0] = [0|6] = 0, [—a|6] = [o| — 6] = —[a|6]. 

N = {Ny.x} is an F-77.ing with involution, 

Nz,y X Ny,x Nz,x, (7.8.9) 

(^nj[cj\a'j]) o (^mi[ai\bi]) = • m* • a) o m ■ [cj\bi], (7.8.10) 

3 i 

(^ TO* [ail 6,])* = ^TO*[6‘|a*]. (7.8.11) 

i i 

and N is also an F(Z) -module, via 

F(Z)y',y X Ny,x X F(Z)x,x' ^ Ny>,x' (7.8.12) 

Ao (^mi[ai\bi]) o B := '^mi[Aai\biB] (7.8.13) 

i i 


(and the monoidal structure, 0 : Nyo,Xo x Ny^^Xi -^Yo©Yi,Xo©Xi, which is 
part of the F-77.ing structure, comes from the F(Z)- module structure). 

We have a surjective map 

n:N^ F(Z) (7.8.14) 

: Ny,x ^ F(Z)y,x (7.8.15) 

f(^TO*[a*|6*]) = J]rn^a^®b, e Z^0Z^ = Z^®^ = F(Z)y,x (7.8.16) 
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and TT is both a homomorphism of F-7^ings with involution, and a homomor¬ 
phism of F(Z) -modules. 

We have a surjective map d : r2(F(Z)/F{±l}) -» Ker(7r), define on the generators 
by 

d[ai,a 2 \b] = [ai\b] + [a 2 \b] - [ai -I- a 2 \b] 

(5[a|^^] =-[a| 6 i] - [a| 62 ] + [a| 6 i-I- 62 ] (7.8.17) 

02 

(indeed it is easy to verify that d(relations) = 0). 

Similarly, let Ny,x ■= free abelian group on generators [a|6],a e Z^,6 G Z^ 
modulo 

A • [a|5] = [A • a|5] = [a|A • 6], for all A e Z. (7.8.18) 

N = {Ny,x} is an F-7?.ing with involution, and a commutative F(Z) -module, 
and again we have a surjection 


n -.N ^ F(Z) (7.8.19) 

which is both a homomorphism of F-77.ings with involution, and a homomor¬ 
phism of F(Z) -modules. We have a surjective map d : C'n(F(Z)/F{±l}) ^ 
Ker(7r), defined as in (*). 

Thus we have exact sequence (of F(Z)- modules) 


n(F(Z)/F{±l})—^7V^^F(Z)-^0 (7.8.20) 

Cfl(F(Z)/F{±l}) —^lV^b^F(Z)-^0 


The derivation d = d o : F(Z) —> N, is given by : 


^ 2,2 


di,i = 0, 

di,2ia,b) = [a|l,0] -f [6|0,1] - [l|a, 6] 


/ a\ 

a 



1 



0 


b 

1 


0 

a 


1 


fa b\ 

a 



~b 



1 



0 




1,0 

-f 


0,1 

— 


a, b 

— 


c, d 

Vc dj 

c 



d 



0 



1 



(7.8.21) 

(7.8.22) 

(7.8.23) 

(7.8.24) 


For A G F(Z)„^m)With columns A^^\ ..., G Z", 
letting be the standard column basis, e™,. 

basis. 


0 


rows Ai,... ,An G Z™, 
.., e™ the standard row 


/” = 


l(d 

0 


= ( 0 ,..., 0 , 1 «, 0 ,..., 0 ) 


(7.8.25) 


Vo/ 
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we have: 

m n 

dn.miA) = - J][fr\A,]. (7.8.26) 

i=i i=i 

7.9 Differentials for commutative rings 

Let R G CTZing, S R, a multiplicative set. 

We have the exact sequences of F(i?)- modules 

fl(F(Z)/F{±l})^(«)- ^n{¥{R)/¥{±l}) - ^n{¥{R)/¥{Z)) -^0 


fl(F{S'}/F{±l})®'(«)-^0(F(i?)/F{±l})-^fl(F(i?)/F{S'})-^0 

(7.9.1) 


Theorem 7.9.1 

For the F(i?)- module 12 = r2(F(i?)/F), the abelian group 12„,m can be described 
as the free Z -module with generators 




Oi 




bi ... bjY 

b[ ... y„ 


(7.9.2) 


' oi a\ 


[a, a' 16 ] = 


: I o d ( ^ ) o (6i ... bm) 


(7.9.3) 




'ai\ 




o d(r) o (bi,.. .,bm), 


(7.9.4) 
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modulo the relations: 


Ui e R^,bi e K^,r e R 


Zero : 

Zero* : 
( 0 ): 
( 1 ): 
Comm: 
Comm* : 
Ass: 

Ass* : 
tot-com: 

(r, 5) : 
((5*,r) : 

{ri ■ r2) : 
(ri + r2) : 


[alj] = [alg] = 0 

[0, a\b] = [a, 0|6] = 0 
[a,6](°) = 0 
[a, = 0 

- [“I.;] 

[ai,a2|&] = [a2,ai|6] 

r M + &2-| , r r I 1>1 n , r i l>2n 

W 63 ] + = +J + NJ 

[oi + 02,0316] + [01,0216] = [oi ,02 + a3|6] + [o2,a3|6] 

[oi, 02I61 + 62] — [oi, 02I61] — [oi, O2I62] 

+ [ai + 02161,62] — [ai|6i, 62] — [02I61,62] = 0 
[o|6i + 62 ](’’) = [o|6i]W + [a| 62 ](’’) 

[oi + 02|6]('') = [oi|6]('’) + [o2|6]*^’’) 

[a|6](’'i-’'=) = [o • ri|6](''=^) + [o|r 2 • b]^''^'> 

[o|6](’’i+’'=) = [o|6](’’i) + [o|6](’'=) + [a'{^ ^] + [ri • o, r2 • a|6]. 


(7.9.5) 

The F(i?)- module r2(F(i?)/F{S'}) is the quotient of n(F(i?)/F) obtained by 
adding the relations [o| 6 ](®^ = 0 Vs e 5'. 


Proof. Same as the proof of 17.81 1. by derivation of the relations 92.101 of F(i?). 

□ 


Remark (cf. Remark 3 97.2p 

For the commutative quotient CD = CTl(F(i?)/F{5'}), CDn^m is obtained from 
the R -module m ® R adding the relations 
’ Z 


r 


[oi, 02 | 6 ] = [r • oi,r • 02 I 6 ] = [oi, 02 |r • 6 ] 
r ■ [o| 6 ]i'’ i = [r • o| 6 ]i’’ i = [o|r • 6 ]^'’ '> 


(7.9.6) 


Let Ny,x denote the R -module obtained from the free R -module with 
generators [o16], a e i?^, 6 e modulo the relations r-[a16] = [r-a| 6 ] = [a|r- 6 ]. 
We think of the 6 ’s (resp. a’s) as row (resp. column) vector, i.e. 6 e F(i?)i^x 
(resp. aeF(i?)v^i). 

The collection N = {Ny,x} forms an F-77.ing with involution with respect to 
the operations 

o : Nz,y X RIy,x Nz,x 


(7.9.7) 
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Sfeloj]) o = J]{aj o a*) • [cjlh] (7.9.8) 

j * ‘i'J 

= Y,[bl\af]. (7.9.9) 

i i 

It is also a commutative F(i?) -module with respects to the operation 

^{R)y',y X Ny,x X ¥{R)x,x' Ny',x' (7.9.10) 

° B = '^[Aoai\bi o B], (7.9.11) 

i i 

We have a surjection of F-77.ings with involution 

t::N^¥{R), (7.9.12) 

Nn,m ^R^®R^^ = F(i?)„,„, (7.9.13) 

R 

7r(I]ri[ai; &i]) = • at ® bi. (7.9.14) 

We have a surjection d : C'n(F(i?)/F) ^ Ker(7r), defined on the generators by 

= [a|^i] + [a|M “ [a|^i + ^ 2 ] (7.9.15) 

02 

d[ai,a2|6] = — [ai|6] — [ 02 ]6] -I- [ai + a2|&] (7.9.16) 

d[a I = 0 

(Indeed, it is easy to check that d takes our relations to zero. The minus signs 
comes from the need to have d(tot-com) = 0 and d((ri -I- r 2 )) = 0). Thus we 
have, 

Theorem 7.9.2 

For R G CRing, we have an exact sequence of commutative ¥(R)-modules 

CD{¥{R)/¥) ^ N{R) ^¥{R) ^0. (7.9.17) 

The map x is a homomorphism of ¥-Rings with involution. 


7.10 Quillen model structures 


Define a Quillen model structure on the category of simplicial F-7?.ings (with 
involution) under C G F7^(*^ A(C' \ F7e(‘)) := (C \ F7^(*))^“^ 


Fibrations: 
Weak equivalences: 


F= B' \ yX,Ye¥, {py.x ■ By.x 

W = |(/9 : B ^ B' I VA, y G F {ipy.x : By^x 
C = L{WnB). 


^Y,x} ^ -Bseto 
B'yx) £ y^Seto 

(7.10.1) 


Cofibrations: 
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where Tseto (resp. Wseto) denote the fibrations (resp. weak - equivalences) of 
simplicial pointed sets, and where L(W n T) denotes maps satisfying the left 
lifting property with respects to all the acyclic fibrations W n 


Theorem 7.10.1 

This is a closed model structure. 

Proof. ( |Q67| , theorem 4,II,§4 ) □ 

For C e F7^(*^Ie {Set/¥ x F) define, 

C[X\ = C[5y.,xJ = C 0 ® (7.10.2) 

We have the adjunction, 

F = C\ 1 

A(5'et/F X F)(d ^ A(C\F7^(‘)) (7.10.3) 

The model structure on A(C'\F77.*'d) is cofibrantly generated. The set of gener¬ 
ating cofibrations is: 


1= |c[{dA(n) ^ A(n)}^’^]| = |c[(dA(n))y.x] -- C[(A(n))y.x] 


The set of generating acyclic fibrations is: 


n > l,r,XGF. 
(7.10.4) 


J = { C'[{A(n, k) ^ A(n)}^’>'] } ^ \ C[A(n, fc)]y,x ^ C[A(n)]y,x, 0 ^ fc ^ n, F, A e F. 

(7.10.5) 


A model structure on simplicial A -modules (with involution), 



A(A 

-mod^*^) : 

= (A-modd))^”" 


(7.10.6) 

is given similarly by. 







Fibrations: 

T= < 


:M^ 

M' 1 VA, r e F, {ifY.x 

: My,x 

- K.x) 

Weak equivalences: 

W= j 


: 

M' 1 VA,FeF,{^y,x 

■ My,x 

- 

Cofibrations: 

C = L{W 

n J-). 










(7.10.7) 


For I e Set/¥ x F, define the functor : A(5'et/F x F) ^ A(A-mod^*^) 
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the free A- module (with involution) on a generator of degree 
This model structure on A(A-mod*'*^) is cohbrantly generated with, 

I = > 1 , y, A e f|, (7.10.9) 

J = ^ , 0 ^ fc ^ n > l,y, A e f|. (7.10.10) 

Under the Dold-Puppe equivalence A(yl-mod^*^) ^ ch(A-mod^*^), these model 
structures corresponds to the projective model structure on chain complexes, 

Fibrations: = |(^ : M, N, \ (pn : Mn Nn surjective l|, 

Weak equivalences: W = |(/3 : M, N, \ Hn{p) : Hn{M,) Hn{N,) isomorphism Vn ^ 0 

Cofibrations: C = : M, N, , injective, with Coker{(/?„ : M„ ^ Nn} projective yn ^ 0 

(7.10.11) 

For a free C'-FT^^*^ i? = C\5Yi,Xi\i€i (resp. B = C'[5vi,Xi, <5y. there is 

an identification, 

D{B/C) = (7.10.12) 

Thus the left adjoint functor of (17.6.101) . B D{B/C)^, takes (acyclic) cofibra¬ 
tions to (acyclic) cofibrations, and is a left Quillen functor. 


For ip e (C, A), Quillen’s cotangent bundle is the element of the derived 
category of A-mod^*\D(A-mo d(*)) = HOiA{A -mo d«)), given by, 

LU(y4/C') := n{Pc{A)/C)^ e B{A-moS*^). (7.10.13) 

where Pc{^) ^ A is a cofibrant replacement of A. 

3 standard resolution associative to the pair of adjoint functors. 


C'\F7^W (7.10.14) 



{Set/¥ X F)« 


Pc{A) = ... FUFU{A) FU{A) = C[a; a e ]_[ ^ A 

Y,X 

a I-^ a 


(7.10.15) 
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given by the unit and counit of the adjunction. 

We have, 

Lfl(li m /li m Cj) = lim Lil( Bj/Cj). (7.10.16) 

Similarly, for a map of simplicial objects C, A, in A(F7?.^*^), applying 
Pc„{An) at each dimension n, we obtain a bi- simplicial object Pc„iAn)m = 
{Fc^U)"^{An), and taking the diagonal object (n = m) we obtain the resolution 
P^{A.)^A., cf. H]. 

Given homomorphisms 

C -, (7.10.17) 


we have compatible resolutions, hence an exact (also on the left!) sequence of 
A- modules, 

0 -> n{Q/C)^ ^ D{P^{A)/C)^ - D{P^{A)/Q)^ -> 0. (7.10.18) 

This can be interpreted (see m as the exact triangle in D(A-mod), 

lLn{B/C)^ 'LD{A/C) 'LD{A/B), (7.10.19) 

or as the long exact sequence of A- modules 



Let A be a finite (Krull) dimensional, noetherian, topological space. 
Define a model structure on A(Ojf-iiiod^*^), (A, Ox) e F7Z^*^Sp, 


tp : m 


Fibrations: 

T = 

1 m{U)Y,x - 

Weak equivalences: 

W = 

V 

{if : m ^ m', VA, 

Cofibrations: 

C = 

L(>Vn A). 


> to ', yx,Y ewyv <^U X, 1 

m'{U)Y,X n ”r(l/)y_x e J^Seto j ’ 

m'{V)Y,x ) 

Y G F, Vp e A, (mp)x.x ^ (’7ip)y.x e LVseto} 


(7.10.21) 
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Define a model structure on /X))^ the category of simplicial 

sheaves of over X, together with a map Ox with arrows B ^ B' 

are homomorphisms of simplicial -sheaves over Ox ■ 


Fibrations: 

T = 

Weak equivalences: 

W = 

Cofibrations: 

C = 


f (p: B ^ B\ such that VA, F e F, VF c [/ c X, 1 
{ {B{U)y.x - B'{U)y,x n B{V)y,x} e Tseto 

I B'{V)y,x ) 

{p-.B-^ B', yx, F e F, Vp e X,{{Bp)Y,x ^ {B'^)y,x} e 
L(Wn J-). 


(7.10.22) 

That these constitute a Quillen model structure on A{0x\{V'R^*'^/^)): ^.nd on 
A((!lx-niod^*^), follows as in |Q67| (theorem 4.II,§ 4), with the aid of the Brown- 
Gerstein lemma m- For X finite dimensional, noetherian, 


WSetol 


J'nWc 


ip: B ^ B\ such that VA, F e F, VF c [/ c X, 

{B{U)y,X B'{U)y,X n B{V)y,x} e Wseta 
B'(V)y,x 


the global weak equivalences. 


(7.10.23) 

For a map / e gF5c ^*^(A, F), the cotangent bundle Lr2(X/F) is the element 
of the derived category of Ox- modules, D(C>x- mod) = HO{A{Ox- mod)). 


LD(X/F) := D{Pf^aYiOx)/rOY). (7.10.24) 

Given another map g e gFvSc ^*^(F, Z), we have the exact triangle, 

LD(F/F)^ ^ LD(X/F) ^ LD(X/F). 


(7.10.25) 
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Chapter 8 

Generalized Rings 


8.1 Definitions 

For y G F and X , define the operation of contracting X to a point *x '■ 

Y/X :={Y\X)m{*x} (8.1.1) 

equipped with a map, 

'k-.Y^Y/X, 7r(X) = {*^}. (8.1.2) 

We have an ’’inverse” operation: for X,Z and e Z, , set 

Z <\X ■= {Z\{zq})uX, (8.1.3) 

Zo 

equipped with a map, 

7r(X) = zo. (8.1.4) 

Zo 

We have the following two trivial identifications: 

{Y/X)<\X = Y and {Z<^X)IX = Z. (8.1.5) 

*X Zo 

Definition 8.1.1 

IF 

A generalized ring is a functor A G (S'eto)^ ? such that Ap] = {0} with the two 
operations: 

multiplication: for zq e Z contraction: for X c y e F, 
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such that the following axioms holds: 


O. Functoraility of operations. 

For (f G ¥{Z, Z'),(p{zo) = Zq and f/' £ have a map defined in 

the obvious way (f <l ip e ¥(Z <i X, Z' <i X') and we require the following 

ZO z'a 

diagram to commute: 


that is, 


X Ax 

(f X ijl 

4' 

Az> X Ax' 




AzdX 


*0 

<\'lp 


> Az'dX' 
*0 


V{a.z) < V'(ax) = i^i^z < ax)- 

z' zo 


( 8 . 1 . 6 ) 


(8.1.7) 


Secondly, for ip G F(y /X, Y'fX'), p(*x) = *X' and ip G F(X, X'), we have a 
diagram: 


{Ay X Ax) 

v<ii> ( t '0* 


■A 


v/x 

V 


(Ayi X Ax') 


■ Ay'IX' 


and we require, 

p <1 Ip^ay) II ax' = piay H ip'^{ax')) 
e.g. for the contraction. 


Ax X Ax -^ z4[i] 

(01,02) I-^ oi H 02 

and for p G F(X, X') we have, 

p{ax) H OX' = ax H p*'{ax') 

(up-to the identifications, A^^ = A^^ = xl*^,). 

And we have the four zero- axioms: 

(i) O 2 < Ox = O^ox, 

Zo ^0 

(ii) 0Yllax = 0Y/x, 


( 8 . 1 . 8 ) 


(8.1.9) 


( 8 . 1 . 10 ) 


( 8 . 1 . 11 ) 
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^0 


(iii) az <\0x = Ti^z) with {(p : Z\{zo} —> Z\{zo}) e ¥z<iX,z, Also for 

-20 2^0 

az £ ^z\zo ^ viewed as an element of Az-, we have for any ax ^ Ax, 

az <i ax = piaz), 

Zo 

for (p G F(Z\{ 2 :o}, Z <\ X) defined as above. 

Zo 

cy ey/x 

(iv) ay H Qx = with {p : Y\X Y\X ) e F^/x,y- 


I. Disjointness Axiom. 

Suppose Xq U Xi ^ Y e F is a disjoint union of subsets. Then for any 
be Ay^Oi e Ax^, 

{h H ai) !/Oq = {h !/oq) H ai . ( 8 . 1 . 12 ) 


Schematically we have, 


1^0; ;Ai; 

Y Y 

Oo ai 


(8.1.13) 


and we can contract from 5, ag first and then oi or the other way round. 


,(Y/Xo)/X, 


Y//{Xo,Xi} 


'(Y/X,)/Xo 


(Y\({XoUXi})) U{*Xo,*Xi} 


Generally, we denote such multiple contractions as, 

b// (oi) e Ayii^Xi}n be Ay,ai e Ajf. ,uAi c Y. 


(8.1.14) 


(8.1.15) 



CHAPTER 8. GENERALIZED RINGS 


133 


Definition 8.1.2 

For a map of sets / e Set,(Y, Z), {Y, Z e F), we put 

zeZ 

We have the (multiple) contraction 

Ay X Af - ^Az (8.1.17) 

ay, I-^ ay jj . 

for Cly G Ay^ = (u^)! ^ ^ ^ 

II. Disjointness Axiom. 

Suppose Zi^Az\GZ and Aq, Ai ^ We have for c G Az and 6 Ax^, 

(c <1 oo) <1 oi = (c <1 oi) <1 oo, (8.1.18) 

Zo Zi Zi Zo 

Schematically we have, 



and a corresponding diagram of sets: 


(Z < Xo) < Ai 

Zo Zi 

Z <Xi-.= III 

(Z<Ai)<Ao 

Zi Zo 

( 8 . 1 . 20 ) 

Generally we denote such a multiple multiplications, indexed by a subset 
Zt)<^ Z with {Xz}zeZo by, 

c < {az). (8.1.21) 

Z^Zq 

for cG Az and [az e Ax^}zeZo- 
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Definition 8.1.3 

For a map of sets / e Set,{Y, Z), {Y, Z e F), we get (multiple) multiplica¬ 
tion 

Az X Af - ^Ay (8.1.22) 

az, I-^ az <\ 


III. Disjointness Axiom. 

For b G Az^ ai G Axi and Xq Z, zi e Z\Xo, we have, 

{b H oo) <1 oi = (6 <1 oi) H Oq. 

Z1 Z1 

Schematically, 


b 



A V 


ai ao 


(8.1.23) 


(8.1.24) 


IV. Associativity Axiom. 

For b G Az ai G Ax^ , Zq g Z, xq g Aq, 

(6 <1 oo) <1 oi = 6 <1 (ao < oi). 

Zq Xo Zq Xq 


Schematically, 


-21 



A. 

“A 


V. Left adjunction Axiom. 

For Xo ^ Xi c be Ar,ao e Axo,ai e Ax^jXo we have, 


(h H ao) H ax = b H (ai <\ oq). 

*Xo 


(8.1.25) 


(8.1.26) 


(8.1.27) 
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Schematically seen, 


b 




with a corresponding identity of sets: 

{Y/Xo)/{Xi/Xo) ^ Y/Xi. 

VI. Right adjunction Axiom. 

For X Yq Yi,b e Ay^ , a e Ax , c e Ay^jx , we have, 

cH {b H a) = {c <\ a) Hb 

Schematically seen. 


c 




with a corresponding identity of sets: 


(ri/A)/(ro/A) = Vi/Vo. 


VII. Left linear Axiom. 

For a G Ax, b G Ay, ce Az where X (z Y, zq e Z, we have. 


c <1 (6 / a) = (c <1 6) / a 

Zo 20 

Schematically seen. 



(8.1.28) 

(8.1.29) 

(8.1.30) 


(8.1.31) 

(8.1.32) 

(8.1.33) 


(8.1.34) 
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VIII. Unit Axiom. 

We have an element 1 e Ai. We obtain for any a; G X e F, 

U = G =jf(l) (8.1.35) 

for G Fx.i,i^(l) = x. 

We require that the following identities holds: for any a G Ax, and any 
X e X, 

1 <i a = a, 

a <1 1 = a, (8.1.36) 

X 

a H lx = a. 

with a corresponding identities of sets: 

[1] < X X, 

X < [1] = X, (8.1.37) 

X 

X/{x} = X. 

Schematically it can be seen as follows: 


/N 




Definition 8.1.4 

We say a generalized ring A is commutative if it satisfies for any b G Ay, Xq c 
Y, Ui G Axi, 

{b //ao) <\ ai= {b <\ (oi)) /(ao)a;i€Xi (8.1.39) 

*Xq xoeXo 

s. .. . ^ 

e^(XoxXi)u(v\Xo) 

(where the xi ’ the copy of ao is attached through the indices Xq x 

We also call this identity ’Hight- linear”. 

Schematically seen, 







CHAPTER 8. GENERALIZED RINGS 


137 



(8.1.40) 

We are mainly interested in the commutative generalized rings. We are not 
interested in the vertical-commutative generalized rings of the following: 

Definition 8.1.5 

We say a generalized ring A is vertical- commutative if it satisfies, for any 
a s Ax, b £ Ay, 

a <l {b) = b <l {a) e Ax < v = Axxy = Ay <3 x (8.1.41) 

xeX y€Y xeX ysY 

Schematically seen, 

b b 


(8.1.42) 

We say that A is "totally- commutative" if it is both commutative and vertical- 
commutative. 

Definition 8.1.6 

A homomorphism of generalized rings (p : A ^ A' is a natural transformation 
of functors (so for X £ F, we have (px 6 Seto{Ax,A'j^), and for f £ F(X, 1"), 
we have tpy o /^ = o ipx}, such that ip preserves multiplication, contraction, 
and the unit: 

p(a <ib) = p(a) <1 p(b), (8.1.43) 

T((a H b)) = (p(a) // p(b)), (8.1.44) 

p(1a) = 1a' (8.1.45) 

We remark that for generalized rings A, A', a collection of maps p = {px £ 
SetQ{Ax, A'^)} satisfying is a homomorphism; i.e. it is auto¬ 

matically a natural transformation of functors by functoriality (O) and unit 
axiom (VIII). 

Thus we have a category of generalized rings and homomorphisms which we 
denote by QIZ. 

We denote by QIZc the full subcategory of QIZ consisting of the commutative 
generalized rings. 
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There are three equivalent ways to describe the operations of a generalized ring 
1. The elementary operations of multiplications and contraction as above: 


'a<ib: X Ax —> Azax, zq e Z 

*0 

\a II h\ Ay X Ax Ay/x, X 


(8.1.46) 


2. Using the disjointness axioms we can view these operations as maps: 
For / G Set,{Y, Z) a map of sets, {Y, Z G F), and Af = Ozez 


f a <1 5 : Az x Af ^ Ay 
(az,{b^)) > — >az<l (b^) 

Z 

a H b Ay X Af —>■ Az 
{ay,{bf)) 1 —> ay // ibi) 


(8.1.47) 


3. We can further extend the operations "fiber by fiber", so that for map of 
sets Y ^ Z AfW we obtain: 


a <ih ■. Ag X Af ^ Ago / 

[«) < i4)]wo ■■= <0 < ^ (4) 

zeg-'-iwo) 


(8.1.48) 


a H b \ Agof X Af — > Ag 

J«°^) // i4)]wo ■= <4 II i4)z€g-H^o) 

The axioms in the fiber-extended form. 

We can now write the axioms again in the fiberwise extended form: 
Associativity: For W*^Z*^Y-4x in Set,, and for d G A^, c G Ag, be Af, 
we have in Ahogo /: 

d <1 (c <1 6) = (d <1 c) <1 6 (8.1.49) 



W ^ 


Z< --A 


Y 




ddc 


Left-Adjunction: For W*^Z<^y4x in Set,, and for d G Ahogof, a e Ag, 
c e Af, we have in Ah'- 


(d//(a<c)) = ((d//c)//a) 


(8.1.50) 
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Right-Adjunction: For W Z Y X in Set,, and for d e Ahog, 
a e Agof, ce Af, we have in Ah'. 

{d <\ c) // a = d // {a // c) (8.1.51) 


A 



Left-Linear: For W Z Y X in Set,, and for d e Ah, a e Agof, c e Af, 
we have in Ahog'- 

{d <\a) H c = d <\ {a H c) (8.1.52) 


A 



The axiom of right-linearity is the delicate one, as it captures the commu¬ 
tativity we need, and it will require the following notations for generalizing the 
indices adjustment we had in ()8.1.39|) . 

For Z -^Y X in Set,, we form the cartesian square, 

ZY[X = {{z,x) e D{g) x D{f),g{z) = f{x)} 


(8.1.53) 
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zux 



with /, g the natural projections. Note that we have an identification of 
fibers 

f-\z)^f-\giz))ioTzBZ 

and we get a map 

Af ^ Ap c I—> g*ceA^ with g* (8.1.54) 
Similarly, g~^{x) = g~^{f{x)) for x e X, and we get a map 
Ag ^ Ag , a I—> f*a e Ag with 

Right-Linear: For f,g,f,g as above, and W Y in Set,, and for d e Ahof, 
a e Ag, cB Af, we have in Ahog■ 

{d // c) <\ a = {d <\ f*a) jj g*c (8.1.55) 


xuz 



Unit axioms: We have a distinguished element 1 = 1^ e ^[i]- 

Hence for each singleton {x} G F, using the unique isomorphism [1] — > {x} 
we get la: e and for / G F(X, F) we have 1/ = (l/‘(y))ye/(x) e 
We have for all h e Set,(X, W), dB Ah'. 


d ^ lidx 
lif/vr ^ d d, 
{d n Udx) = d 


(8.1.56) 
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8.2 Remarks 

Remark 8.2.1. Functoriality 

In we have 0<|1 = 1<|0 = 0<|0 = 0, and 1 <l 1 = 1, hence for / e F(X, Y), 


g e F(y, Z), we have 

^3 1/ “ I90/ (8.2.1) 

Also we have 0/l = l/ 0 = 0/ 0 = 0, and 1/1 = 1, hence 

hdr//lr = lf ( 8 . 2 . 2 ) 

We obtain for all a e Ax, f e F(Ar, Y), 

a < 1/t = (a <1 1/t) H Ijrfy = {a H {lidy II 1/*)) = 0 . II (8.2.3) 

This gives a structure of a functor F S'eto on AT Ax, which is the given 
structure by the functoriality and the unit axiom: for all a e Ax, f G F(lf, T), 

a<llp = ialllf) = fAia). (8.2.4) 

Remark 8.2.2. The involution 

Note that (1 / a) makes sense only for a e A[i], we define 

a^ = llla ,aGA[i]. (8.2.5) 

It is an involution of 

{ay = 1 // (1 // a) = (1 < a) // 1 = a // 1 = a (8.2.6) 


It preserves the operation of multiplication, and the special elements 0, 1: 

(a<5)‘ = l//(a<6) = (l//5)//a= (l<(l//6))//a= (8.2.7) 

= (1 // a) < (1 // 5) = a* < 

0 ‘ = (1 // 0 ) = 0 , 1 ‘ = (1 // 1 ) = 1 

Definition 8.2.3 

We shall say that A is self-adjoint if 

a! = a for alia e A^iy 

In general, we let 

^[il ^ ^ ^[11 ’ ^ 

denote the subset of symmetric elements. 


( 8 . 2 . 8 ) 
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Remark 8.2.4. The structure of A[i^ 

It follows from the associativity and unit axioms that A^^ is an associative 
monoid with unit 1. It also follows from the commutativity axiom IX, that it is 
commutative: 

a < & = (a < &) // 1 = (1 < a) // (1 // b) (I //{1//b)) <J a = b <i a (8.2.9) 
For X e F, the commutative monoid Aidx = (4[i])^ acts on the right on Ax- 

Ax X (4(1))^- ^ Ax ( 8 . 2 . 10 ) 

b ,(a("^))l- ^b <\ (a(^)) 

xeX 

Note that for a = e Ai^x > ^-nd b e Ax, 

b<\a= {b<la) // hdx = (b // (l^dx // «)) = (b // a*) (8.2.11) 

The monoid 4[i] also acts on the left on Ax, via 

4[i] X Ax -^ Ax ( 8 . 2 . 12 ) 

a ,b\ - 5 ^ a < 6 

and this is the diagonal right action: For a e b e Ax, putting a G Aidx, 
= (2 for all x e X, 

a < & = (1 // a*) < 6 “=”■ (1 < 6 ) // a‘ = 6 // a‘ = 6 < a. (8.2.13) 

More generally, for / G Set,{X, Y), b e Af, a = (a^^^) G A 

idy = (^[ 1 ])^- we get 

ra G A,dx = ( 4 [ 1 ])^ , forx G X, 

and we have in Af, 

a<ib=b<if*a. (8.2.14) 

Indeed checking (18.2.141) at a given fiber y eY, reduces to (18.2.131) . 

The action of (4[r])^ on Ax is self-adjoint with respect to the pairing 
(|8.1.10|) : for a G (4[i])^, 6 , d G 4x, we have 

{b <\ a) // d = b // {d // a) = b // {d <\ a*) (8.2.15) 

We denote the group of invertible elements of 4[r] by A*: 

4* = |ct G 4|^r ], G 4|^r] = q Ofl=l} 


( 8 . 2 . 16 ) 
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Remark 8.2.5. "one contraction suffices" 

The axioms of a commutative generalized ring allow to transform any formula 
in the operations of multiplication and contraction, to an equivalent formula 
with only one contraction. Thus expressions of the form 

(a / 6) = (oi <1 02 <1 • • • <1 On) / (6i < • • • <1 bm) (8.2.17) 

are closed under multiplication and contraction. We have the following lemma: 


Lemma 8.2.6 

Suppose we have a commutative diagram in Set, and elements of A over it 
(bi e Af ., b e A^): 



(8.2.18) 

where the inner squares are fibre products. Then we have the following identi¬ 
ties: 

h*{bi < &2) = h*{bi) < h*{b2), (8.2.19) 

/f(/IW) = (/2 0/!)*(&)• (8.2.20) 

Proof. For any 2 ; e Xq we get: 


h*{b, < &2)(") = (&1 < < &2U(.) = 


and 


fl\h(z) 


{h*{bi) <ih*{b2)Y^'> = h*{biY^'> < h*{b2)U = 

/lU 


= [h*ib2))^ 


/lU 


_ ANA) 




xe/i (z) 


/lU 


and we get the equality by the identification of fibers for any z e Xq of {h{z)) 


-1 


and fi {z) given by 


(X, Z) G /i {z) 


xe ^{h{z)). 
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□ 

In the general case where there are n consecutive fiber products and an 
element 5i < 62 <1 • ■ • we have formulas: 

h*(6i < 62 < • • • < bn) = h*{bi) < h*{b2) d h*{bz) d... .g 2 21) 

{ho... fn)*{bl d---dhn) = /*(/:-!(• • • O /f ( 6 ) . . . ). 

We have the formulas: 

Multiplication 8.2.7: {a//b)d{c/ld) = {adg*c)/l{ddf*b)hQ^be Ag, ce Af 

( 8 . 2 . 22 ) 

Indeed, for c = ci <1 • • • <1 c; an element over g : Y —>■ Z, and b = bi d ■ ■ ■ d bm 
an element over f : X —>■ Z, we have, 

{a//b)d{c//d) = ((a// 6 )<c)//d™^“- {{adrc)// g*b)//d = {adfc)//{ddg*b). 

(8.2.23) 





Similarly we have: 


(8.2.24) 


Contraction 8.2.8: {ajjb)jf{clld) = {adg*d)//{cdf*b), iorbeAg, deAj 

(8.2.25) 



We can also see this in a more explicit way: for elements didd 2 d- • -ddm over 
Ym —>■■■■—>■ Yq and &i <l &2 <1 • • • <1 over Xm —>■. .. Xq, with an isomorphism 
Ym = Xn, and an element b over h : Xq —> Xq we form the diagram: 
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By commutativity we have now, 

<ib = (rfiO- • •<l(/*o- • ■of*{b))//{h*{bi)<i- ■ 

(8.2.28) 


Remark 8.2.9. Matrixness and Tameness 

We say that A is a "matrix" generalized ring if for X e F we have an injection: 

Ax{a//lx)x€X- (8.2.29) 

We say A is "tame"if for Jf e F, and any a, a' G Ax, we have 

a H d= a' H d for all de Ax a = a'. (8.2.30) 

Note that we have the implication 

A matrix A tame . 


8.3 Examples of generalized Rings 

8.3.0 Generalized Rings arising from F-7^ings. 

li A = {Ay^x} is an F-7?.ing with involution, we get a generalized ring G{A), 
with 

GiA)x := 

and operations, 

multiplication: 

zo e Z : GiA)z X GiA)x =^i,z x Ai^x -* G{,A)z<ix = 

20 

az < ax ■= az o {ax ® ^ 1 ). 

^€Z\{zo} 


(8.3.1) 
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contraction: 


G{A)y X G{A)x =Ai^y X Ai^x —>■ G{A)y/x = -^i,y/x 

ttY//ax ■= aY o {ux ® ^ !)• 

yeY\X 


Equivalently, for a map of sets f :Y ^ Z, we have 

multiplication: 

Aix X ^ ^i,y 

zeZ 

az < (a{) := az o ( 0 a^) 

zeZ 

contraction: 

Aix X Ai^z 

zeZ 

aY lliai) :=azo(0a{)* 

zeZ 


(8.3.2) 


(8.3.3) 


(8.3.4) 


When ^ is X- commutative (resp. totally- commutative) F-7^ing with involu¬ 
tion, the generalized ring G{A) is commutative (resp. totally- commutative). 

We have the following diagram: 


F-7^ing‘-^ GTZ (8.3.5) 


]F-^ingx-com-^ GRc 


'-’t 

^-T^^^gtot-cora -^ GRtot -com 

In particular we have the totally- commutative matrix generalized rings: 

I. F the initial object of GR ■ Fx = X u {0} 

II. G{R) R a commutative rig 

III. (4)! 

IV. F{M} M commutative monoid. 

We specify now each of these examples explicitly. 


8.3.1 The field with one element F 

We write F for the functor F Vi Fq c Seto. Thus 

Fx = Vo = V[j{0x}, andF/ = [](/-i(y))^ iov f e Set.{X,Y). (8.3.6) 

y 
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The multiplication is given by 


Fy X F/ ^ Fx 

2/0, (x^f) ^yo<Xf = e (/"^(2/o))o ^ 
The contraction is given by 


Fx X F/ ^ Fy 

xo,{x^f) ^ {xo//Xf) 


y xo = xj' 
0 otherwise. 


(8.3.7) 


(8.3.8) 


It is easy to check that F is a totally-commutative, self-adjoint matrix general¬ 
ized ring. 

For A G QR, and for x G X G F, put 


Tx{x) = (la; // Ij^) = lx <\ lj‘ e Ax- (8.3.9) 

with jx G F({x},X) the inclusion. 

We have <px G S'eto(lFx, Ax), and the collection of cpx define a homomorphism 
(fi G t/i?(F, A). It is easy to check this is the only possible homomorphism, and 
F is the initial object of QR. 


8.3.2 Commutative Rigs 

For a rig A, let Q{A)x = A ■ X = A^ be the free A-module with basis X. It 

forms a functor Q{A) : F —> a 4 • mod c Seto- We define the multiplication for 

/ G Set.{X,Y) by 

g{A)Y X Q(A)f = A^xY[ ^A^ = Q{A)x (8.3.10) 

yeY 

a = {oy), b = {b^^)xef-^{y) (a <1 b)x = o.f(x) ' ^ 

We define the contraction by 

g{A)x X g{A)f = a^xYI ^a^ = g{A)Y (8.3.11) 

yeY 

a = {ax),b = {b^A)x^f-i(y) ^ (a//b)y = ^ Ox ■ b^^^ 

xef-'^iy) 

It is straightforward to check that g{A) is a self-adjoint, Matrix generalized ring. 
When a 4 is a commutative rig, g{A) is a totally- commutative generalized ring. 
A homomorphism of (commutative) rigs cp G Rig(A, B) gives a homomorphism 
g{(p) G gTZ{g{A),g{B)), thus we have a functor 

Q: Rig-* QU (8.3.12) 

It is fully-faithful: if (/? G gTZ{g{A),g{B)), and a = (a^,) G g{A)x, then 
TxifAjx = (v3[i](aa:)) by functoriality over F, so (/? is determined by 
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(^[ 1 ] : A B; the map is multiplicative (and preserves 1), but it is also 
additive 


+ 02) = ip[i\ ((01,02) H ( 1 , 1 )) = ((/?[!](oi),(^[i](02)) H ( 1 , 1 ) = 
= T[i\i.ai) + (p[i](o2) 

Thus (^[ 1 ] e Rig(A, B) , and (p = and we have 

Rig{A,B) = gn{g{A),g{B)) 

Note that for every X e F, we have a distinguished element 
Ijv s t/(A)x, (Ix)^; = 1 for allx G X 


( 8 . 3 . 13 ) 


( 8 . 3 . 14 ) 


( 8 . 3 . 15 ) 


hence for / G Set.{X,Y), the element 1/ = (Ij^-i(j^)) G g{A)f. These elements 
satisfy 

lg<l/ = lgo/; l[i] = l; (8.3.16) 

which imply naturality 

lx<l/* = e giA)i^f) g{A)YioT f e¥{X,Y) ( 8 . 3 . 17 ) 

Note that any element o = (ux) G g{A)x, gives an element of the monoid 

<o> = (o,) G g{AU^ = A^ ( 8 . 3 . 18 ) 

and the vector lx is "cyclic" in the sense that 

a=lx<<o> ( 8 . 3 . 19 ) 

We have the generalized rings t/(N) and ^([0,oo)), as well as the "tropical” 
examples t/(No) and C/([0,oo)o) where we replace addition by the operation of 
taking the maximum max{x, j/}. For cr = 1 /p G ( 0 , 1 ] we have the generalized 
ring t/([0 , oo)ct) where we replace addition by the operation x+aV ■= (x^ + y^)'^. 

8.3.3 Real primes 

Let I I : iL “» [0, 00 ) be a non-archimedean absolute value on a field K. Let 


Ox = I O = (o,) G g{K)x , I 

(. xeX 


^ 1 


( 8 . 3 . 20 ) 


Note that X 1 —> Ox is a subfunctor of g{K) : F —> SetQ. But it is also a 
sub-generalized-ring, in the sense that it is closed under the operations of multi¬ 
plication and contraction, and 1 G 0[i] . The proof for multiplication is straight¬ 
forward: 

For a = (ay) G Oy, b = (h^x^) G Of, we have 

^ \{a<b)x?= Y, \af(x)?-\bif^^))\^ = 


xeX 


xeX 


( 8 . 3 . 21 ) 
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ysY x£f-^(y) yeY 


and so a <1 6 G Ox- 

The proof for contraction is just the Cauchy-Schwartz inequality: 
For a = {ttx) e Ox, b = (b^^) e Of , we have 


S \ia//b)y\^ 

yeY 


= S 

yeY 




dy) 


< 


^ 1] li \ax 

yeY \xef-^{y) 
yeY xef-^(y) 


/ \x^f~^iy) 

^ S |axp 1 

X€X 


iv )\2 


(8.3.22) 


and so a // b e Oy ■ 

Thus O is a generalized ring (totally- commutative, matrix, self- adjoint). 

Note that 

mx=|a=(a,)G(!ljf, 2 |a,p<ll (8.3.23) 

( xsX J 

forms a subfunctor of O, and it is (the unique maximal) functorial- ideal of O, 
in the sense that we have 


O <im, m<iO , {m ff O), {O ff m) ^ m (8.3.24) 

By collapsing mx to zero we obtain the quotient (in Seto): 


kx = Oxlmx 



(a,)GOx, \ax? = l 

xeX 


u{ 0 x} 


(8.3.25) 


There is a canonical projection map ttx : Ox kx, with xxirnx) = Ox- Now 
(|8.3.24|) imply that there is a (unique) structure of a generalized ring on fc, such 
that TT is a homomorphism, tt g QIZ{0, k). It is given by 


I a <lb if ||a < 6|| = 1 

I 0 if jja < fojj < 1 


, (a // b) 


a // b if ||a / 6|| = 1 

0 if jja / fojj < 1 


with the 1 2 -norm 






1 

2 


Note that the (totally- commutative, self- adjoint) generalized ring k is Not 
matrix, but is tame. 
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8.3.4 Ostrowski’s theorem 

Let K e GTZc- We say K is a field when any element in iLi\{0} is invertible: 

K* = Ki\{0}. (8.3.26) 

For A^ K a sub-generalized ring of K we say A is full when: 

'iyeKx,3deAi\{0},d<iyeAx. (8.3.27) 

(i.e. K = 4(0) the localization of A with respects to the prime {0}). 

We say A is tame when: for any X e F 

Ax = {y ^ Kx,y//a e Ai,ya e Ax}- (8.3.28) 

We call A a valuation of K when it is full and tame and 

Vj/e 4i or e 4i. (8.3.29) 

For k K we denote the set of K/k- valuations by 

Yal{K/k) := {A K a valuation , fc c A}. (8.3.30) 

For B e Val(iF), the ordered-abelian-group KfjB* can be embedded in a com¬ 
plete ordered-abelian-group F, and the quotient map, 

I I : iFi ^ F u {0}, \x\:=x<iBl, (8.3.31) 

satisfies: 

(I) 

\x\ = 0 a; = 0 

|xi < a: 2 | = |a:i| • |a; 2 | (8.3.32) 

|1| = 1 = (unit of F). 

For y e Kx we have the equality (cf. Claim(II) of il2.5l) 

( II ) 

\y\x ■■= sup{|?/ / 5|, be Bx} = inf{|d“^|,de Kf, d<\ye Bx} (8.3.33) 
For /g Set.(y, Z), a = (o^) e Kf = Ylzez^f-Hz), we put: 

\a\f = Max{|az|/-i( 2 )} (8.3.34) 

and we have, 

(III) 

\z<ia\Y ^\z\z -lalf, ,zeKz. (8 3 35) 

\y//a\z ^\y\Y-Wlf, ,yeKY- 
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Conversely, given the maps for X e F, 

Wx-.Kx^TkjIO} (8.3.36) 

satisfying (dD, with I I = I |i satisfying d, i? = {Bx}, with Bx = {b e 
Kx, \b\x ^ 1} is a sub-generalized-ring of K. If further (|ll| is satisfied, than 
B is tame and full in K, and is a valuation of K. 

When r is rank-1, we can replace it by R"*" = (0, oo), and two valuations 

I u,| I'x [0,®) (8.3.37) 

are equivalent {\x\x < 1 \x\'x < 1) if and only if \x\'x = for some 

cr > 0. We have exactly as in 92.51 the Ostrowski theorems. The proofs are the 
same as in Appendix [ b 1 only written in the language of generalized rings. Thus 

e.g. (1,1) o o should be replaced by ((1,1) <1 (qi)) jj (1,1). The 

proof for generalized ring is even shorter: we only need to show Bx = (^(p))^ 
or (Oq ^)x, the rest of the proof (that By^x = (Z(p))^^’'^ or (C’Q_^)y,x) is 
irrelevant. 


Theorem Ostrowski I 


Val(e(Q)) = Val(g(Q)/F{±l}) 


'e(Q) 

< G(Z[p)) p is prime 
Oq ^ "the real prime" 


(8.3.38) 


Theorem Ostrowski II 


Let K he a number field. Ok its ring of integers. 


Val{g{K)) =Val{g{K)/¥{fiK}) 


'G{K) 

" g{OK,p) P ^ Ok a prime ideal, Ok,p = S~^ 
Ok.ji, t] : K ^ C mod conjugation 

(8.3.39) 


8.3.5 Commutative Monoids 

For A e giZ, we have A^^ e Mon*, cf. Remarks 8.2.2-8.2.4, giving rise to a 
functor 

gn Mon* , A ^ A[i] (8.3.40) 

This functor has a left adjoint. For M e Mon*, let 

F{M}x = ]J A/ = (A X (M\{0})) u {0} = [A x M] /[x, 0] ~ 0 (8.3.41) 

xeX 

It forms a functor A i-^- F{M}x : F ^ SetQ. We define the operation of 
multiplication by 

(8.3.42) 


< : ¥{M}y X F{A/}/ ^ F{M}x 
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[yo,'mo] , i—> [x^'^°\mo ■ 

We define the operation of contraction by 


( // ) : ¥{M}x X F{M}/ -> ¥{M}y (8.3.43) 

[xo,mo \, [y, if xq = x^^\ otherwiseO. 

It is straightforward to check that with these operations F{M} forms a gener¬ 
alized ring, and for A G QTZ^ we have adjunction 


gn{¥{M},A) = Mon\M,A[i}) 

^ T ^ T[i] 

^xiix^m]) ='il){m )//<-H i) 
with ja; G F([1],X), ja;(l) = X 


(8.3.44) 


We let CM on c Mon* denote the full-subcategory of commutative monoids 
(with trivial involution). For M G CM on, the generalized ring ¥{M} is totally- 
commutative,matrix and self-adjoint. 


8.3.6 The free commutative generalized ring 

In this section we give a description of the commutative generalized ring A^, 
characterized by the universal property that homomorphisms of commutative 
generalized rings (p : —> A correspond bijectively with elements of A\y. 

The elements of (A^)x, of "degree" A G F, are the formulas of degree X that 
can be written using multiplication, contraction, the elements of F, and one 
variable 6w of degree W, modulo the identifications of formulas that are con¬ 
sequences of the axioms of a commutative generalized ring. By Remark 8.2.5 
- "one contraction suffice", these formulas have a concrete combinatorial shape 
which we describe next. 


By a tree F we shall mean a finite set with a distinguished element Op e F, 
the root, and a map S = Sp ■ ^ F, such that for all a G F there exists 

n with iS"(a) = Of; we write n = ht{a), and put ht{0p) = 0. For a G F, we put 
p(a) = j)5“^(a). The boundary of F is the set 

dF = {ae F, n(a) = 0} (8.3.45) 

The unit tree is the tree with just a root, {0}, and (?{0} = {0}. The zero tree 
is the empty set, 0, and d0 = 0. Given a subset B c ^F, we have the 
reduced tree F|f, obtained from F by omitting all the elements of dF\B, and 
then omitting all elements a e F such that all the elements of 5“^ (a) have been 
omitted and so on; we have c1(F|f) = B. 



CHAPTER 8. GENERALIZED RINGS 


153 



(8.3.46) 

Given for each b G dF, a tree Gt,, let i? = {6 G dF, Gb A 0}, and form the tree 
F<G:=f’|Bu[J(Gi,\{OGj) (8.3.47) 

beB 

with S{a) = b ii a G Gb and = Og/,, and otherwise S being the restriction 

of the given Sjp and Sg^- 

Fix IF G F. We say that a tree F is IF- labelled, if we are given for all 5 G F 
an injection 

Mb : S-\b) ^ IF (8.3.48) 

We view /r as a map m : P\{^f} —> W, fj,{b) = fJ,s(b){b), injective on fibers of Sp- 
Let for X G F, 

Ax = {F = (Fi;{F0;a)} (8.3.49) 

consist of the data of a IF- labelled tree Fi, a IF- labelled tree F^ for each 
X e X, and a bijection a : dFi A ]_[ dF^- We view such data F as being 

X€X 

the same as F' = (F(; {F^}; a') if there are isomorphisms of IF- labelled trees 
Ti : Fi -A F{, Tx : Fx ^ F^^, with a' o ri(5) = Tx o a{b) for b G dFi, a{b) G dFx- 
Note that for such data F = (Fi; {F^;}; a), we have an associated map 

a:dFi^X (8.3.50) 

a{b) = xiS(7{b) G dFx 

For / G Set,{X,Y) , we have A/ = ]))[ Ay-i(j,), its elements are isomorphism 

_ veY 

classes of data F = ({Fi/}y6/(x); {Fx}xeD(f)': o'y), with bijections 
ay : dFy A ]_[ dFx, for all y eY. 
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We define the operation of multiplication by cf. (18.2.221) : 

<1 : X Aj —» Ax (8.3.51) 


G < F = {G^■Gy■T) <^{Fy-F^-ay) 

with 


(Gi <1 Fr{ )]F^ <1 Gf(^^y,Toa) 


T o a : d{Gi < Fr (^)) = 


(8.3.52) 


UCTu 


= dGi X ^ ]J dGj, X dFj, ^ ]J U ^ = 

yeY yeY xef-^(v) 

= dFx X dGf(^x) = 5{Fx o Gj(a;)) 

x<eX xeX 

We define the operation of contraction by, cf. (I8.2.25|) : 

(//) : Ax X A/^ Ay (8.3.53) 

(G // F) = ((Gi; G,; r) // (F,; F,,; a,)) = (Gi < F,( ); F, < G^(); (r, a)) 


with 


(T,a) : d(Gi < F,()) = dGi x dF,() A ]J dG, x dF, = (8.3.54) 


xeX 


= LJ U SF^xdGx A ]JdF, xdG^() = ]Jd(F,<G^()) 

yeY xe/-i(y) yeY ysY 

It is straightforward to check that A with these operations is a (non-commutative!) 
generalized-ring, in the sense that all the axioms of a generalized ring except the 
axioms of right-linearity (18.1.39^ are satisfied. 


We let Ax = Ax/ff denote the quotient commutative generalized ring, where 
e is the equivalence ideal generated by right-linearity: (F, F') e ex if and only 
if there exists a path F = F^,..., F^ = F', with {F^~^ ,Fl} of the form 

{ {{Ay // By) < Gy) // Dy, {{Ay < fJCy) // J F, ) // D y] (8.3.55) 

where the diagram is 





[1] <-Z, A 


(8.3.56) 
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or of the form 


{D, // {{A, // B,) < Q) , D, // {{A, < /;Q) // 


(8.3.57) 


where the diagram is 


WjUYj 



X <-Z, [1] 


(8.3.58) 


Note that if {F, F'} e e, then {E <iF,E a F'}, {F <iE,F' < E}, {E // 
F), E jj F'}, {F H E,F' H E} are in e, so that e is indeed an equivalence ideal, 
and the operations of multiplication and contraction descend to well defined 
operations on the e-equivalence classes A = A/e. 


We get in this way a commutative generalized ring A*^, 

Aiv ^ j {Pp {Fx}x(iX\cr)/^ , Fi,F,, W-labeled trees, 1 

a : dFi A- ]_[ dF^ bijection j 

The element 5^ = ([{0} U W]; {0w}weW] o') e generates A'^. 

For any commutative generalized ring A, we have a bijection 

t/77.c(A'^, A) = A\y 

ip 1-^ p{5^) 

(^(“1 <-H a 

Given an injection j : W ^ W, every W-labelled tree F is naturally W- 
labelled, and we have an injective homomorphism 

A^' e gn{A^,A'^'), A^{{Fi}w; {Fx}w; ^) = {{Fijw; {Fx}w';a) (8.3.61) 

It is dual via (j8.3.60|l to the map Aw' -» Aw, a i—>- a <\ Ij. 

Conversely, if F is a VF'-labelled tree, and 

Bp = {be dF,p{S^{b)) e Wforn = 0,...,ht{b) - 1} (8.3.62) 

than the reduced tree F\bp, c.f. (I8.3.46|) . is VF-labelled. We have a surjective 
homomorphism 

aF e gn{A^' ,A^), 


(8.3.59) 


(8.3.60) 


( 8 . 3 . 63 ) 
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^x({^l}w';{Fx}x';cr) = i{Fl\B}w, {Fx\^(^B)r,dFj’ <^\b) 

withi? = n B-pJ 

xex 

It is dual to the map Ay[/ ^ Aiy/, a >—> a <1 Ijt, and we have 
AF o AI = id^w. Thus the map W is a functor 


A : F ^ giZc (8.3.64) 

Fixing a family {Wi}ieiWi e F, we say that a tree F is {Wi}- labelled, if for 
all b e F\dF we are given j{b) e I, and an injection fii, : Sp^{b) ^ 

Repeating the above construction, with {Wi}-labelled trees, we get a gen¬ 
eralized ring A^^F^ xhe elements S^' = ([{0} U W^]; {Ou,}u,eWi ; o’) ^ 
generate and we have for any commutative generalized ring A, 

e7^c(A^'^^^A) = YIAw, (8.3.65) 

iel 


(i.e. = A'^i (^ • • • (^ A^*' cf. H13.ll for the tensor product (x) of 

F F 

commutative generalized rings.). 

Thus we have the adjunction: 


Aiw^d gjic A 


I-^F 
i ^ Wi 


nr 

5et/F 


BA = Ax 


(8.3.66) 


For an element F = (Fi; {F^}', a) e A^*^, we have its (well-defined!) degree 
degF = Max{ht(6) -f ht(cr(6))} e N (8.3.67) 

bedFi 

degF = 0 ^ FeFx c A^*^ (8.3.68) 

For / eSet.(y,Z), G = e a 1^‘^, putting degG = MaxjdegG^^^}, we 

■> zsZ 

have: 


deg(F 2 < G) s: deg Fz + deg G, Fz e A^^^ 
degiFy // G) ^ deg Fy + deg G, Fy e 


Given a map / e Set,{Z, W), we have the element 
Sf = ([{0} u f{Z) u D{f )]-a = zdou)) e = 


(8.3.70) 
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where the tree F = {0} U f{Z) U D{f), has Sploif) = /> SpifiZ)) = 0, and 
is labelled by /tq : /(Z) ^ W, and for w e f(Z). This element 

gives a homomorphism of generalized rings, co-multiplication, 

G (8.3.71) 

which is dual to multiplication Aw x n 

weW 

On the other hand we have the element 
sf = ([{0}ui^(/)]; {muf-Hw)]Uf(zy,a = e = 

= (A^<E)0^,^Af-^(-))w 

(8.3.72) 

giving rise to a homomorphism of generalized rings, co-contraction, 

Aj e giZciA^, ^ g/ (8.3.73) 

which is dual to contraction Az x n ^f-yw) ^w- 

weW 

The functor A : F —> GR-c, with its structure (of co-multiplication, co¬ 
contraction, and co-unit) is thus a co-generalized-ring-object in the tensor cat¬ 
egory {QR-c,^), be- the dual of our axioms are satisfied. (Just as the poly- 
F 

nomial ring Z[A], with co-multiplication A. (A) = A ® A, and co-addition 
A+(A) = A(g)l-I- l(g)A, is a co-ring object in the tensor category of commu¬ 
tative rings and (^). 

z 


Example 8.3.1 


Taking for W = [1], the unit set, a [l]-labelled-treeis just a’’ladder” {a;o, xi,..., 
S{xj) = Xj-i, and is determined by its length n. Thus the element F = 
([Ti]; [Fa;]; cr) G A^^, is determined by the length n of Fi, the point x e X such 
that Fx A 0, and the length m of Fx- We write F = (x, z" • (z*)™), and we 
have an isomorphism 

A[i] FIz"^ • (z*)"} (8.3.74) 


with the generalized ring associated with the free monoid-with-involution on 
one element, M = ■ (z*)^ u {0}. 

The self-adjoint quotient a[([^ of At^l is isomorphic to the generalized ring 
associated with the free monoid on one element 


M = z^^ {0}, 


A^ Flz"^} 


(8.3.75) 


8.3.7 Limits 

Given a partially ordered set /, a functor A G {GRY is given by objects e 
GR for z G /, and homomorphism : A^^'> for z ^ j, i,j G I, such that 



CHAPTER 8. GENERALIZED RINGS 


158 


<fi,j ° Tj,k = fi,k for i ^ j ^ k, and tpa = zfi^(t). The inverse limit of A exists, 
and can be computed in Seto- We put 

(limA^*^)j(: = {a = G = Oifor allz ^ j} (8.3.76) 

I iel 

With the operations of componentwise multiplication and contraction lim^^^^ 

is a generalized-ring (sub-ring of U We have the universal property 

iel 

^17^(B,limylW) = limgTZ{B,A^^'>) = (8.3.77) 

'T *T 

= {(V'i) e °i ’3 = z/’iforz ^ j} 

I 

If the set / is directed (for ji,j 2 e I there is z G / with z ^ Ji, ^ 2 ) the direct 
limit of A exists, and can be computed in Seto- We have 

(lim^(*^)x = limA^^ = (\^A^^)/{a ~ (/?*j(a)} (8.3.78) 

T T *6/ 

There are well dehned operations of multiplication and contraction making 
lim into a generalized ring. We have the universal property 


^liR,(liin AW , B) = lim gn{A ^^, B) = (8.3.79) 

TT *T 

= {(V'i) e tl = 2pj for z ^ j} 

I 

We shall see below that giZc has sums and push-outs §13.1, and quotients by 
equivalence-ideals §9.1, hence arbitrary co- limits, and we have: 


Theorem 8.3.8 

giZc is complete and co-complete. 



Chapter 9 

Ideals 


9.1 Equivalence ideals 


Definition 9.1.1 


For A e QTZ an equivalence ideal e is a sub-generalized-ring e ^ A x A, such 
that £x is an equivalence relation on Ax, (we write a ~ a' for (a, a') e £x; and 
for a = (tty), a! = {a'y) G Af, we write a ~ a' for {ay,a'y) G for all y G Y). 

Thus, we have an equivalence relation ~ that respects the operations: if a ~ a' 
and b b' then 


a < 6 ~ a' < 6', 
allb^a' H b'. 


(9.1.1) 


(whenever these operations are defined.) 

We let eq{A) denote the set of equivalence ideals of A. 
For e G eq{A) we can form the quotient A/e, with 


{A/e)x = Ax/ex = gjc- equivalence classes in Ax (9.1.2) 


There is a natural surjection ttx '■ Ax —> Ax/ex, and there is a unique structure 
of a generalized ring on A/e such that tt g QlZi^A, A/e). 


Definition 9.1.2 

For G QTZ{A, A')^ we let KER{ip) = AY\ A, 

A' 

KER{ip)x = {(ai, 02 ) e Ax X Ax, ip{ai) = ipx{a 2 )} (9.1.3) 
KER{(p) is an equivalence ideal. 

We have the universal property of the quotient 

gn{A/e, A') = {(^ G gn{A, A'),KER{ip) 3 e} (9.1.4) 
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Every homomorphism (p G QTZ(A, A') has a 
canonical factorization 


ip = j O (p O TT 


(9.1.5) 


A -^ A' 


A/KER(<p) <p(A) 

with TT surjection, j injection, and (p an isomorphism. 

9.2 Functorial Ideals 

Definition 9.2.1 

For A G QTZc^ a functorial ideal a is a collection of subsets ax ^ Ax, with 
Ox e cix, and with A <] a, a <\ A, A // a, a // A a. 

We let fun ■ il{A) denote the set of functorial ideals of A. 

For G G eq{A), we have the associated functorial ideal Z{e): 

Z{s)x = {a e Ax,{a,0x) e sx} (9.2.1) 

For a G fun ■ il{A), we have the equivalence ideal E{a) generated by o, it is the 
intersection of all equivalence ideals containing (a, 0) for all a G a. 

These give a Galois correspondence: 


E 



fun • il{A) <— eq{A) 
z 

(9.2.2) 

It is monotone. 

ai c a2 ^ E{ai) c E{a2) 

£i c £2 ^ ^(£i) e Z{e2) 

(9.2.3) 

and we have 

a<^ZE{a) , EZ{e)‘^e 

(9.2.4) 

It follows that we 

have 



ZEZ{e) = Z(e) , E(a) = EZE(a), 

(9.2.5) 

and the maps E, Z induce inverse bijections 



E-il(A) <—> Z-eq(A) 

(9.2.6) 

with 



E-il(A) = ( 

0 G fun ■ il(A), a = ZE(a)} = {Z(s),s g eq(A)}, 

(9.2.7) 
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the stable functorial ideals, and 

Z-eq{A) = {e G eqiA),e = EZ{e)} = {E{a), a g il{A)} (9.2.8) 

Let a G fun ■ il{A), and let g = (ex) be defined by 


ejf = 

(a, a') G Ax X Ax, there exists a path a = oi, 02,..., a„ = o', 

with {cj, Oj+i} of the form either {{dj <l Cj) H bj, {dj <1 Cj) H bj}, 

or {dj // (bj < Cj),dj^/ {bj < Cj)} with dj G Ay ^, bj G A/., 

fj G Set,{Zj,X),Cj,Cj G Ag^,gj G Set,{Zj,Yj) or resp. [ 

gj G Set,{Yj, Zj) and with or c^j £ a, 

for all z G l}(resp. z G Zj) 

(9.2.9) 


Claim 9.2.2 


E{a) = e 

Proof. It is clear that ex is an equivalence relation on Ax, and that ex £ 
E{a)x, and we need to show that g respects the operations (19.1.11) . If {a, a') G e, 
so there is a path a = oi,..., a„ = a' as in (|9.2.9I) . then h <l Uj (resp. Oj <1 h, 
{h jj Oj), (uj jj h)) is a path, showing {h <\ a,h <\ a') (resp. (a <1 h, a' <1 h), 
{h II a, h If a'), (a H h, a' h)) is in e. This follows from the 

Basic identities 9.2.3 


h < {d a c If b) = {{h <1 d) <1 c) / 6 
resp. ((d < c) / &) <1 h = (d <1 (c <1 h)) ff b 
h If {{d <\ c) If b) = {h <\ b) If {d <\ c) 
{{d <i c) If b) If h = {d < c) If {h <\ b) 


h <1 (d (6 <1 c)) = (h <1 d) / (6 < c) 
{d II {b a c)) < h = {d <ih) II (b < c) 
h j/ {d // {b <\ c)) = {{h <1 6) < c) / d 
{d II {b<ic)) If h = d If {{h <1 6) <1 c) 

□ 


It follows that a functorial ideal o is stable, a = ZE{a), if and only if for all 
b, d, c, c as in (I9.2.9() . 


{d < c) If b e a {d a c) If b e a 

and d If {b <] c) e a d 11 {b <Jc) e a 


(9.2.10) 


9.3 Operations on functorial ideals 

The intersection of functorial ideals is a functorial ideal, 
ai G fun ■ il{A) ^ P| Ui g fun ■ il{A) 
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Given a collection B = {Bx £ Ax}, the functorial ideal generated by B will 
be denoted by {B}a, it is the intersection of all functorial ideals containing B. 
If B satisfies B <l A B, it can be described explicitly as 

{B}a,x = 

= {a e Ax, a = {d <i c) // b or a = d // {b < c) ioi some d e Ay, b e Af, 
f e Set.{Z,X),ce Ag, geSet.{Z,Y), 
or resp. g G Set,{Y, Z) 

and with c = G for all^; G F (resp. z G Z)| (9.3.1) 

It is clear that the set described in (19.3.11) . contains Bx, and is contained 
in {B}a,x, and we only have to check that it is a functorial ideal - this follows 
from the basic identities 9.2.3. 

In particular, for G fun ■ il{A), we can take B = U a^, and we obtain the 

i 

smallest functorial ideal containing all the a^’s. 



Thus fun ■ il(A) is a complete lattice, with minimal element the zero ideal 
0 = {Ojv}, and maximal element the unit ideal {l}yi = {Ax}. 

Note that for arbitrary B we can similarly describe the functorial ideal it 
generates as 


{B}a,x = 


I a G Ax ,a= {d <\ c <\ e) // boi a = d // (b <l c <l e), with e B for all 

(9.3.3) 


Note that for a subset B c A^i-^ , we have 

{B}a,x = {o g Ax, a = d II {b <i c),d g Ay, b g Af, 
fGSet.{Y,X),c={c^y'>)GAdr = ,c^y'> G B u B*] 


(9.3.4) 


We do not need the e’s in (19.3.31) because we have commutativity c <1 e = e <1 c, 
c.f. (|8.2.14p . and we do not need the two shapes of (19.3.31) because the (A[i])^- 
action is self-adjoint d H {b <\ c) = {d <\ c^) b, c.f. (18.2.15p . 
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9.4 Homogeneous ideals 

Definition 9.4.1 

A functorial ideal a e fun ■ il(A) is called homogeneous if it is generated by a[i]. 

The subset a[i] c A^i-^ satisfies for all X e F, 

Ax H (Ax < (ci[i])'^) ^ i[i] (9.4.1) 

Conversely, if a subset a[i] c A[i] satisfies (I9.4.1|) . then = a[i] (because for 
a G a[i], a* = 1 / (1 <1 a) G a[i]), and a[i] <1 A[i] = 0[i] (because for a G a[i], 
b G A[i], a < b = b // {1 <i a*) e 0 [i]). Moreover, the functorial ideal b generated 
by a[i], has 

bx = U Ay//{A f a (9.4.2) 

feSet.(Y,X) 

and in particular b[i] = a[i]. Thus we identify the set of homogeneous functorial 
ideals with the collection of subsets a[i] c A^i^ satisfying (19.4.11) . and we denote 
this set by [l]-il(A), 

[l]-il{A) = {ac A[i],Ax H (Ax < (a)^) c a} (9.4.3) 

The set [l]-il(A) is a complete lattice, with minimal element {0}, maximal 
element {1}^ = A[i]. For Oi G [l]-i/(A), we have H ^ [1]“*K4), and ^ 

i i 

[l]-iZ(A), where 

= 

i 

a G A[i],a = b // {d<c),b,de Ax,c= (c^^^) g (IJa*)'^ c A,dx,X g F 

i 

(9.4.4) 

Note that the homogeneous functorial ideal generated by elements G A[i], 
i e I, can be described as 

{^i}A ~ 

= |a G A[i],a = b // {d<\c),b,de Ax,c = (c^''^) g Aidx,c^''^ = 
orc(") =a*(,)fora;Gx} 

(9.4.5) 

We have also the operation of multiplication of homogeneous ideals. For ai, 02 G 
[l]-iZ(A), we let ai • 02 denote the homogeneous ideal generated by the product 
ai <1 02 = {Oi < 02, Oj G Oi}. 
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Thus 
tti • 02 = 

= |a G A[i],a = b// (d<lc),b,de Ax,c= G (oi <1 a 2 )^ e A^x^ 

( 9 . 4 . 6 ) 

This operation is associative, we have for ai, 02, 03 G [l]-il{A), 

(ai • 02) • as = ai • a2 • as = ai • (a2 • as) ( 9 . 4 . 7 ) 

with 

ai • a2 • as = 

= |a G a = b // {d<lc),b,de Ax,c = (c^®^) G (ai <1 a 2 < as)^ c A^dx 
(use ( 5 / (d<1 ai < 02)) < Os = 6/ (c?< oi < 02 <1 a|) and oi <1 (6/ (d<102 <1 as)) = 

b // (c? O 02 o 03 o o^)). 

The multiplication of homogeneous ideals is clearly commutative, ai < a2 = 
a2 < ai, has unit element {1 }a = ^[i]j ' {1} = <^1 ^nd has zero element {0}, 

a • {0} = {0}. Thus [l]-il{A) g Mon. 

For a homomorphism ip G QTZci^j B), and for b G fun ■ (resp. b G 

its inverse image V5*(b)js: = pf^fbx), (resp. (p[';^j(b) = (pCi|(b) c A^i]) 
is clearly a (resp. homogeneous) functorial ideal of A. For a G fun-il{A), (resp. 
[l]-il(2l)) let </J*(a) c B denote the (homogeneous) functorial ideal generated 
by the image (p(a) (resp. (p[s](a)). We have Galois correspondences 

7 >fi] p* 

[l]-il( 7 l) ^ and fun-il{A) ' ^ fun-il{B) ( 9 . 4 . 8 ) 

The maps ip*, p.^, are monotone, and satisfy 

a<^p*p^{a), p^p*{b)<^h ( 9 . 4 . 9 ) 

It follows that we have 

p^{a) = p^p*p^{a) , p* ih) = p* p^p* (fo) ( 9 . 4 . 10 ) 

and p*, p^ induce inverse bijections, 

{a G [l\-il{A), a = p*p^{a)} = 

= {p*{b),be[l]-il{B)} ^ {p^{a),ae [l]-il{A)} = ( 9 . 4 . 11 ) 

= {be[l]-tl{B),b = p^p*ib)} 


and similarly with fun ■ il{A) and fun • il{B). 



CHAPTER 9. IDEALS 


165 


Definition 9.4.2 

For an equivalence ideal e e eg (4), and for a functorial ideal or a homogeneous 
ideal a, we say a is e-stable if for all (o, o') e e : 

a G a a' e a. 

We denote by fun ■ il{Ay (resp. [l]-i/(4)®) the set of e-stable (homogeneous) 
ideals. 

Letting : A —»■ Aje denote the canonical homomorphism, we have bijec- 
tions 


fun ■ il(AY <—> fun • il{A/e) and \l\-il{AY *—>■ \l\-il{A/e) 

ai-^7re(a) (9.4.12) 

7r7i(b) ^ b 


Definition 9.4.3 

For a (resp. homogeneous) functorial ideal a, we say a is stable if it is E{a)- 
stable. We denote by E-fun ■ il{A), (resp. E\\\-il{A)), the set of stable (ho¬ 
mogeneous) functorial ideals. Note that by the explicit description of E{a) in 
Claim 9.2.2, a subset a c A^i^ is a stable homogeneous ideal if and only if 

for X,Y G F, 6 , d G Axqy, c, c g (4|-]^])^®^, 

with for X G Xand G a for y G y, 

have : b // {d <1 c) e a b // (d <\c) B a (9.4.13) 

(taking X = [0], = 0, we see that this condition includes a being a 

homogeneous ideal). 

9.5 Ideals and symmetric ideals 

Definition 9.5.1 

For A G QR-c, a subset a c A^i-^ will be called ideal if for all X G F, b,d e Ax, 
c = (Y^Y G (a)^ c Aidx, we have 

(b <l c) H dB a (9.5.1) 

We denote by il{A) the set of ideals of A. 

Comparing with the definition of homogeneous ideals (j9.4.1L we see that 
the homogeneous ideals are precisely the self-adjoint ideals 


[l]-fZ(4) = {a G il{A),a = a*} 


(9.5.2) 
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The set il (A) is a complete lattice, with minimal element (0), maximal element 
( 1 ) = ^[ 1 ]- For ai G il{A), we have ^ ^ where (c.f. 

iHl)) 

= jo G A[i],a = {b<lc) // d,b,de Ax,c= g (|Joi)^ c A^j, | 

(9.5.3) 

Note that the ideal generated by elements Ui G >l[i], i e I, can be described as 
(c.f. (19.4.51) 1 

{ai)A = |a G A[i],a = {b < c) // d,b,d e Ax,c= (c^^^) G {a^}^ c A^x^ 

(9.5.4) 

In particular, for a G A[i] the principal ideal generated by a is just 

{a) A = a < ^[ 1 ] (9.5.5) 

Indeed, if = a <1 e^,, e^, G A^i] for x e X, than for b,de Ax, 

{b <\ c) // d = a <\ {{b <\ e) // d) e a <\ A[i^ (9.5.6) 

(while the homogeneous ideal generated by a is the ideal generated by a and a*, 
c.f. (19.4. 5|) for (oIa). 

Definition 9.5.2 

An ideal a G il{A) will be called symmetric if it is generated by its subset of 
self-adjoint elements 

= a n A'^^^ = {a g a , a = a*} (9.5.7) 

Such an ideal is clearly homogeneous. We write il*{A) for the collection of 
symmetric ideals. It is again a complete lattice. We have multiplication of 
ideals, for Ui, a 2 G il{A), 

ai • 02 = 

= |a G A[i], a = {b <\ c) // d, b, d e Ax,c = (c^"^^) G (oi < 02 )^ £ Aid^ | 

(9.5.8) 

It is associative, 

(oi • 02 ) • 03 = oi • 02 • 03 = oi • (02 • 03 ) (9.5.9) 

with 0 i • 02 • 03 = {a G A[i], a = {b a c) If d,b,de Ax, 

c = (c^^)) G (oi o a 2 o as)^ c Aid^ | 

(Use now: ((6 <1 oi <1 02 ) / d) <1 03 = (6 <1 oi <1 02 <1 03 ) // d, and oi <1 {{b d 
02 < 03 ) / d) = (5 <1 oi <1 02 < 03 ) // d). 
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It is clearly commutative, ai • a 2 = a 2 • ai; has unit (1), a • (1) = a; has zero 
(0),a-(0) = (0). 

Thus, il(A) is a monoid with involution, [l]-i/(A) is its submonoid of element 
fixed by the involution, and iL(A) is a submonoid of \l\-il{A). 

We can also divide ideals. For Qq, Ui G il{A)^ we let 

(ao : ai) = {c G ^[i],c <1 Ui c qq} (9.5.10) 

This is an ideal, (qq : Ui) G il{A). Indeed, for c^^'> G (uq : Ui), and for any 
5, d G Ax, and any oi G ai, we have 

((5 <1 (c^®^)) / d) < ai = (6 <1 <1 oi)) / d G Qq 

and so {b <l (c^^^)) / d G (uq : Ui). 

For elements mi, m 2 G Ax, we have their annihilator 

anuAimi, m 2 ) = {a G ^[ 1 ], a <1 mi = a <1 m 2 } (9.5.11) 

This is an ideal, ann^(mi,m 2 ) G il{A). Indeed for G ann^(mi,m 2 ), and 
for any 6, d G Ay we have 

((5<(c^*'^))/d)<mi = (6<l(c^^^<mi))/d = (5<(c^*'^<lm2))/d = ((6<l(c^^^))/d)<m2 

and so (6 <1 (c^^^)) jj d G ann^(mi, m 2 ) 

The ideal generated by the symmetric elements anriyi(mi,m 2 ) n A'^^^ is a 
subideal: 

ann\{rni, m2) £ ann^(mi,m 2 ), (9.5.12) 

it is clearly a symmetric ideal. 

Let (f G QTZc{^, B). For an ideal b G its inverse image V5*(E’) = 

:/3(}|(b) c A^i] is clearly an ideal of A. For b G iL{B), its inverse image v?*(b) is 
the ideal of A generated by 

{a = a* G , V3[i](a) e b} (9.5.13) 

For an ideal a G il{A) (resp. a symmetric ideal a G iL{A)), we let (/3*(ci) ^ i?[i] 
denote the ideal generated by the image (p[i](a), (/J*(o) = \im{Bx <1 ( 7 ’[i](ti))^ // 

X 

Bx), (resp. by (,j[i](a+)). 

We have a Galois correspondence 

ip* p* 

il{A) ^ il{B) and il\A) ^ il\B) (9.5.14) 

T* T* 

The maps p*, p^i, are monotone, and satisfy 


a'^p*P;„{a) , p;„p*{b)<^b 


(9.5.15) 
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It follows that we have 

, '^*(&) = T*^*^*^ (9.5.16) 

and ip *, ipII: induce inverse bijections, 

{a e il{A),a = = 

= {p*{b),beil{B)} ^ {(^*(a),aGil(A)} = (9.5.17) 

= {b G b = PllP* P:l:{b)} 

and similarly with symmetric ideals iL{A) and iL{B). 


In summary, for a general A G GR-c, we have defined the sets 


il{A) i -) [l]-j/(A) '- > fun ■ il{A) 



E-il\A) 


For a self adjoint A we have equality il{A) = [l]-il(A) = iL{A). It is easy to 
check that ioi A = G{B), B a. commutative ring, all the inclusions in (I9.5.18|l 
are equalities, and are identified with the set of ideals of B. For A = G{B), B 
a commutative ring with involution ( )* : i? —> B, il{A) is just the set of ideals 
of B, (on which we have involution b b*); the set 

\l\-il{A) = fun ■ il{A) = eq{A) 

II II II (9.5.19) 

E-[l\-il{A) = E-fun ■ il{A) = Z ■ eq{A) 

is the set of ideals b of B fixed by the involution b = b‘ (so that B/b has invo¬ 
lution); and finally, E-iL{A) = iL{A) are the ideals b c B that are generated 
by their symmetric elements b+ = b n B+ (with B+ = {b e B , P = b} B 
the subring of symmetric elements), which in turn correspond bijectively with 
the ideals of B+. 











Chapter 10 


Primes and Spectra 


10.1 Maximal ideals and primes 

We say that an equivalence ideal e G eq{A) is proper if (1, 0) ^ e, or equivalently 
£x ^ Ax X Ax for some/all X G F, or equivalently A/e 0. We say that a 
functorial ideal, or an ideal, o is proper if 1 ^ a, or equivalently a[i] ^ A^^. 
Since a union of a chain of proper ideals is again a proper ideal, an application 
of Zorn’s lemma gives 

Proposition 10.1.1 

For A G QTZc, there exists maximal proper ideal. 

We let Max{A) c il(^A) denote the set of maximal ideals. 

Definition 10.1.2 

A (proper) ideal p G il{A) is called prime if tSp = A[p]\p is closed with respect 
to multiplication, i.e. if for all a,b e A ^^, 

a <1 6 G p implies oGp or 6Gp (10.1.1) 

We let spec{A) c il(^A) denote the set of primes of A. 

Proposition 10.1.3 

Max{A) c spec{A). 

Proof. Let p G Max{A), and take any elements a, a' G A[p]\p. Since p is 
maximal, the ideals (p,a)^ and (p,a')^ are the unit ideal. We have therefore 
1 = {b<ic) //d, and 1 = (6' <| c') //d', with b,de Ax, b',d' e Ax', c g (p u {a})^, 
c'g (pu{a'})^'. 
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Thus we have 

1 = Kl = {{b<jc)//d)<i{{b'<ic')//d') = {b<ic<jb'<i?)//{d'<id) = {b<ib'<jc<j?)//{d'<jd) 

( 10 . 1 . 2 ) 

But cO c' e ((p u {a}) <1 (p u c (p u {a <1 ^ 

and so 1 G (p, a <1 a') a, hence a <1 a' ^ p. □ 

Similarly, a union of a chain of proper symmetric ideals is a proper symmetric 
ideal, and the set of maximal symmetric ideals Max^{A) c il*(^A) is non-empty. 

Definition 10.1.4 

A (proper) symmetric ideal p G il*(A) is called symmetric prime if iSj)" = A|l)j\p 
is closed with respect to multiplication, i.e. if for all a = a*, 6 = &* G A[i] , 

a <1 & G p implies a G p or & G p (10.1.3) 

Now a maximal symmetric ideal p G Max* (A) is a symmetric prime. We let 
spec*(A) denote the set of symmetric primes: 

Max*{A) c spec*{A) c il*[A) (10.1.4) 

Note that for a prime p G spec{A), the ideal A • p+, generated by the symmetric 
elements of p, is a symmetric prime, and we have a canonical map 

spec{A) spec*{A) , p i—> A • p+ (10.1.5) 

10.2 The Zariski topology 

Definition 10.2.1 

The closed sets in spec(A) are the set of the form 

y(a) = {p G spec(A),p 2 o}, (10.2.1) 

with a c A[i], which we may take to be an ideal a G il{A). 

We have 


(z) V{^a,) = nV{a,), 

(zz) V{a ■ a') = V{a) u V{a.'), (10.2.2) 

(Hi) y(0) = spec(A) , 1^(1) = 0 

This shows the sets l^(o) define a topology on spec(A), the Zariski topology. 


The closed sets in spec* (A) are similarly given by 
V*{a) = {p G spec*(A) , p 2 a} 


(10.2.3) 
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with a e il*(A); these satisfy (IIP.2.21) . and define the Zariski topology on 
speP(A). 

For a subset C c spec(A}, we have the ideal, 

1(C) = f| p (10.2.4) 

peC 

For a subset C c spec*(A), we have the symmetric ideal I*(C) generated by 

np+- 

peC 

We have Galois correspondences, 

V V* 

il{A) <_ {C c spec{A)} and il*{A) <— {C c spec*(A)} (10.2.5) 

I P 

The maps V, I (resp. V*^ P), are monotone 

ai c 02 ^ ^(ai) 3 V(a2) 

Cl c ^2 ^ /(Cl) 3 /(C 2 ) 

and we have 

a c IV{a) , C 3 y/(C) 

It follows that we have 

C(a) = VlV(a) and /(C) = IVI(C) (10.2.8) 

and the maps V, I induce inverse bijections between radical ideals and closed 
subsets of spec{A). 

{aeil{A),a = IV(a)} = (10.2.9) 

= {/(C), C 3 spec{A)} ^ {C 3 spec{A),C = VI{C)} = 

= {C(a), 0 e il(A)} 

Similarly, we have a bijection between the radical symmetric ideals a = 
PV*{a) and the closed subset of spec*{A). 


( 10 . 2 . 6 ) 

(10.2.7) 


Lemma 10.2.2 

For a e il{A), we have 

IV (a) = {a G ^[ 1 ], a" G 0 for some n > 0} ‘^='^ Va 


( 10 . 2 . 10 ) 
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Proof. If a G Va, say a" G a, then for all p 2 a, a G p, and so -y/a c p| p = 

a^p 

IV{a). 

Assume a f s/a, so a" ^ a for all n. An application of Zorn’s lemma gives 
that there exists a maximal element p in the set 

{b G il{A), b ^ a, ^ bfor alln} (10.2.11) 

We claim p is prime. If x,x' G A[i]\p, then the ideals {p,x)a, {P,x')a properly 
contain p, and by maximality of p in the set (110.2.111) . we must have a” G (p, 
a” G {p,x')a^ for some n, n'. We get 

^n+n' = ^ ^ ^ jj ^ ^ jj d') = {b <\b' <iC < d) // {d' < d) 

with b,dB Ax, b', d' G Ax’, c G (p u c' G (p u {a;'})''- . 

But c < c' G ((p u {a;}) <1 (p u {a:'}))'^^^ c (p u {a; <1 a;'})^^^, and since 
^n+n ^ .^^0 must have a; <1 a;' f p; and p is indeed prime. Now p 3 a, and 

a^p, soa^ Pi p =/lZ(a). □ 

a^p 

Similarly, for a symmetric ideal a G il^{A), we have /■'■y+(a) = ^/a^ , where 
is the ideal of A generated by the set {a = a* G , a" G a for some n > 

0 }. 

Lemma 10.2.3 

For a subset C c spec{A), VI{C) = C the closure of C. 


Proof. We have C c VI{C), and VI{C) is closed. If C c F(a), where we may 
assume a = ^/a, then VI{C) c VIV{a) = F(a), and so 

VI{C) = Pi V{a) = C (10.2.12) 

CsV(a} 

□ 


Similarly, for C c sped {A), F+/+(C') = C the closure of C. 

We can restate (|10.2.9I1 . 

{aGi;(‘)(A),a= ^ {C sped*\A),C =C} (10.2.13) 

10.3 Basic open sets 

A basis for the open sets of spec{A) is given by the basic open sets, these are 
defined for a G A[i] by 

Da = spec{A)\V{a) = {p G spec{A),a f p} (10.3.1) 
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A basis for the open sets of spec* (A) is given by 

D+ = spec*{A)\V+{a) 

with symmetric a = a* B 
We have, 

Dai ^a2 — -Dai002 ^ai ^a2 ~ ^ai-Ha^ 

Di = spec{A) , Do = 0 D^ = spec* (A) , D^ = 0 
That every open set is the union of basic open sets, is shown by 
spec{A)\V{a) = [J Da 

aea 


(10.3.2) 


(10.3.3) 


(10.3.4) 


spec*{A)\V'^(a) = D^ , the union over = a n (10.3.5) 

aea+ 


Note that we have. 

Da = spec{A) o a <\ A[i] = {a}A = (1) (10.3.6) 

there exists a (unique) a~^ e A^i] , a <1 a~^ = 1 

We say that such a is invertible^ and we let A* denote the set of invertible 
elements. Note that A* is an abelian group (with a non-trivial involution for 
A non self-adjoint), and A A* is a functor QTZc (= abelian groups). 

Similarly, for a = a* symmetric, D'^ = spec*{A) if and only if a is invertible. 

Note that we have, 

Da = 0^ae Pi p = v^ (10.3.7) 

pespec{A) 

there exists n > 0 with a” = 0 

We say that such a is nilpotent. Similarly, for a = a*, D^ = 0 if and only if a 
is nilpotent. 

Lemma 10.3.1 

Let a = i/a e il{A) be a radical ideal. Then 


y(o) is irreducible <s> ais prime 


(10.3.8) 
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Proof. (<=): If a is prime, F(o) = VI {a} = {a} is the closure of a point, hence 
irreducible. 

(^): For any a G ^[i], we have 

V{a) n Da A 0 ^ e spec{A),p 3 a, p ^ a 

af P) P = = Q 

a^p 

Hence for any basic open sets Da, -Dfe, a^b G A[i], we have 

V{a) n Da A 0 and V{a) n Dh A 0 ^ a f a and b f a 
If y(a) is irreducible this implies 

0 A V{a) n Da n Dh = V{a) n Daab ^ a <ih f a 

□ 

Similarly, for a radical symmetric ideal a = s/a^, the set is irreducible 

if and only if a is a symmetric prime. 

Thus the bijection (|10.2.13l) induces a bijection 

spec{A) <—> {C 3 spec(A),C = C closed and irreducible} nn a Q^ 

P - r(p) = M ^ ^ 

and 

spec*{A) < —> {C 3 spec*{A) , C = C closed and irreducible} (10.3.10) 

and the spaces spec{A) and speP{A) are Sober spaces (or Zariski spaces): 
every closed irreducible subset has a unique generic point. 

Proposition 10.3.2 

For a G (Respectively, a = a* e ^p) the basic open set Da (resp. Df) is 
compact. 

In particular, Di = spec{A) and D^ = spec* (A) are compact. 

Proof. We have to show that in every covering of Da by basic open sets Dg., 
there is always a finite subcovering. We have 

Da^UDg, o V{a)^r]V{g,) = V{J:9^<iA^,]) 

i i i 

^ V {a}A = IV{a) 3 IV < ^[ 1 ]^ = ^ ^Fl 

for somen, a" G ^ <l A^i] 

i 

for some n,X G F, 6, d, G Ax ,d^ = {b < c) // d, 
withe = (c(“)) G {{pi})^ 


(10.3.10) 
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Thus = gi(x)^ Slid going backwards in the above equivalences we get 
Da c y Dg.^^.^, a hnite subcovering. □ 

xeX 

The canonical map tta ■ spec{A) spec*{A), 7ryi(p) = A ■ p+, 
is continuous: 

(^+(a)) = ^(a) , n2\D+) = Da (10.3.11) 


10.4 Functoriality 

For a homomorphism (p G QTZciA, B), the pull-back of a (symmetric) prime is 
a (symmetric) prime, and we have maps 


p* = spec{p) : spec{B) —> spec{A) 

q ^*(q) = (p-|(q) 


and 


p* = spec*{p) : spec*{B) —> spec* (A) 

p*{q) = A - ((/?-yq) n A+) 


The inverse image under p* of a closed set is closed, we have 


(10.4.1) 


(10.4.2) 


p* ^(FA(a)) = {q e spec(B), (/?^^|(q) 3 a} = (10.4.3) 

= {q G spec(B),q 3 V3[i](a)} = VB{p[i]{a)) 

and similarly, p*~^{VX{A)) = V^{p^{a)) with p^{a) = B ■ V3(a"'’). 

Also the inverse image under p* of a basic open set is a basic open set, we 
have 

p*~^{Da) = {q e spec(B), v3Ci|(q) ^ a) = (10.4.4) 

= {q G spec{B),p[^{a) ^ q} = 

and similarly, p*-^{D+) = for a = a*. 

Thus the maps p* = spec{p) and spec*{p) are continuous, and we see that 
spec^*^ are contravariant functors from QTZc to the category T op, whose objects 
are (compact, sober) topological spaces, and continuous maps. 


spec , spec* : {QTZcY^ Top 


(10.4.5) 


Lemma 10.4.1 

For p G QTZc (A, B), and for b G il{B), we have 


VAipl^^m = pYVB{h)) 


(10.4.6) 
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Proof. We may assume without loss of generality that b = ■s/b is radical (noting 

that = 7’fi|(Vb))- 

Put a = Iif*{V{b)), so that F(a) = ip*{V{b)) by lemma 10.2.3. 

We have for any a G A^i], 

ae a a g p, for every prime p G (f*{V{b)) 

a e (p*{q) = (y9|((|(q), for every prime q G F(b) 

</3[i](a) G Pi q = \/b = b (10.4.7) 

bQc| 

^ ae Pi|(b) 

Thus a = ip)|“|(b), and the lemma is proved. □ 



Chapter 11 


Localization and sheaves 


11.1 Localization 

For A e QTZc, and s G ^[i], in the generalized ring A[l/s] obtained from A 
by adding an inverse to s, we have also an inverse to s*, and 

therefore also an inverse to the symmetric element s<s*, so ^[ 1 /s] = ^[l/s<s*]. 
We shall therefore localize only with respect to symmetric elements!. 

For A G QTZc , a subset S c yl+^ is called multiplicative if 

1 G 5, and S'< S'c S'. (11.1.1) 

For such S c A'^^y and for X G F, we let (S“^A)jf = (Ax x S)/sk denote the 
equivalence classes of Ax x S with respect to the equivalence relation defined 
by 

(oi, si) SB (a 2 , S 2 ) if and only if sO S 2 Ooi = s<si <02 for some s G S (11.1.2) 

We write a/s for the equivalence class (a, s)/sk. Note that by taking "com¬ 
mon denominator" we can write any element a = (a^'^'^/sy) G (S“^^)/ = 
L[ (S“^^)y-i(j^), in the form 

yeY 


a = (a^^'V®)) I take s = ]^ Sy, = ( ]^ s^/) < ) j (11.1.3) 

\ v'¥=y ) 

For / G Set,(X, Y), g e Set,(Y, Z), we have well-defined operations of multipli¬ 
cation and contraction, independent of the choice of representatives, 

<1 : (S“M)g X (S~^A)f —> (S~^A)gof, (a/si) <J ( 6 /S 2 ) = (a <1 b)/(si <1 S 2 ) 

(11.1.4) 

(/):(S ^A)go/ X (S ^A)f—>(S ^A)g, (a/si)//(h/s 2 ) = (a//b)/(si<S 2 ) 

(11.1.5) 
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It is straightforward to check that these operations satisfy the axioms of a 
commutative generalized ring. The canonical homomorphism 

<j) : A (j){a) = a/1 (11.1.6) 

satishes the universal property 

gnc{s-^A,B) = {^sgnc{A,B),^{s)<^B*} 

[p 1 -^ (p o (j) ( 11 . 1 . 7 ) 

p{s)~^ < p{a) = <p{a/s) <—I p 

Example 11.1.1 

For s e A'^^-^, take S = {s" , n ^ 0}. We write Ag for 5'“^A, and 0s G 
giZciA^s) satisfy 

gnc{As,B) = {pe gnc{A, B),p{s) g B*} (11.1.8) 

Example 11.1.2 

For p G spec*(A), take Sp = We write Ap for 5'“^A, and 0p G giZciA, Ap) 

satisfy 

gnc{Ap,B) = {pBgnciA,B),piA+^\p) c b*} (11.1.9) 

11.2 Localization and ideals 

For an ideal a G il{A), we let 

S'“^a = {a/s G (5'“^A)[i], s e S,ae a} (11.2.1) 

By using common denominator, we see that S'“^a is an ideal of 
5'-iaGi/(S'-iA): 

For b/si,d/s 2 G (5'“^A)x, and for a^/sx G x e X, we have 

{b/si <1 (qx/sx)) // {d/s 2 ) = {{b a (s'j, <1 ax)) H d)/(si <1 S 2 <1 

x%X 

with s^ = Sx', and this is in 5'~^a since a is an ideal. 

x'^x 

If a = A • a+ is symmetric, 5'“^a is symmetric. 

We have, therefore, the Galois correspondence 

il^\A) il^\S-^A) 

r 


( 11 . 2 . 2 ) 
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For b e il(S ^A), we have 

= b (11.2.3) 

Indeed, for an element a/s e b, we have a/1 e b, or a e (/*b, and a/s e S~^(j)*b; 
hence b c S~^4>*b, and the reverse inclusion is clear. 

We have immediately from the definitions, for o e il{A), 

cj)*S~^a = {a e >I[i], there exists s e S with s <l a e a} = |J(a : s) (11.2.4) 

seS 

In particular, 

= (1) a n S A 0 (11.2.5) 

We say that a e il^^^A) is S-saturated if (/>* S~'^a = a, that is if 

for all s e S', a G A'^^ :s<laGa^aGa (11.2.6) 

We get that S~^ and </>* induce inverse bijections, 

{a G il^^\A), a is S-saturated} <—> A) (11.2.7) 

For an S-saturated (symmetric) ideal a G il^'^\A), let tt^ : A -» A/a = A/E{a) 
be the canonical homomorphism, and let S = 7ra(S) £ (A/a)('}p then we have 
canonical isomorphism 

S~^{A/a) ^ S-^A/S-^a (11.2.8) 

Note that for a (symmetric) prime p G spec^*^ (A), p is S-saturated if and only if 
p n S = 0, and in this case S”^p is a (symmetric) prime, S“^p G speS-*^ (S“^7l). 
Note that for a (symmetric) prime q G spec^*\S~^A), </*(p) is always an S- 
saturated (symmetric) prime. We get the bijections: 

{p G spec^*\A),p n S = 0 } spec^*\S~^A) (11.2.9) 

These are homeomorphisms for the Zariski topologies. 

For s G the homeomorphism (|11.2.9I) gives for Example 11.1.1, 

(/>* : spec^{As) Dl c spec*{A) (11.2.10) 

For a symmetric prime p G spec*(A), the homeomorphism (|11.2.9I) with 
S = Sp, of Example 11.1.2, reads 


(/)* : spec‘(Ap) {q G spec\A),q c p} 


( 11 . 2 . 11 ) 


The generalized ring Ap is a local-generalized-ring in the sense that it has a 

’p" 


unique maximal symmetric ideal rrip = Sp ^p. The residue field at p is defined 


by 


Fp = Ap/rup = Ap/E{mp). 


( 11 . 2 . 12 ) 
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We have the canonical homomorphism TTp 

■.A^ 

A/p, and putting Sp 

= 7rp(5'p), 

we have (|11.2.8p 




Fp = 5p”' 

(A/P) 


(11.2.13) 

The square diagram 







(11.2.14) 


is cartesian, 


A 


^/p ^ F 


Fp = (A/p)0Ap 

A 


(11.2.15) 


^/7^c(Fp,S) = |(p)e C/7^c(^,S), </5(p) = 0, (/3(Ajj\p) 




For a homomorphism of generalized rings (p e QTZc{A, B), and for 
q e spec^{B) with p = (^*(q) e spec*(A), the square diagram (111.2.141) is func- 
torial, and we have a commutative cube diagram 



Note that the homomorphism pp G QTl.c{Ap, B^) is a local-homomorphism 
in the sense that 

TOp = ip*{mq), or equivalently pp(jnp) c rrip (11.2.17) 

Definition 11.2.1 

We let CQTZ denote the subcategory of QTZc with objects the local generalized 
rings, and with maps 


cgn{A,B) = {p€gnc{A,B),p*{mB) = mA} 


( 11 . 2 . 18 ) 
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11.3 The structure sheaf Oa 

Definition 11.3.1 

For A e QRo, U c speP{A) open, X e F, we denote by Oa{U)x the set of 
sections 

/:[/-]J(Ap)x, /(p)e(Ap)x 

peC/ 

such that / is locally a fraction: 
for all p e [/, there exists open Up U, p e Up, 
and there exist a G Ax, s e At,\ IJ q, 

qe(7p 

such that for all q G t/p: 


f{q)^a/se{A,)x. (11.3A) 

Note that Oa{U) is a commutative generalized ring, and for U' <^U restric¬ 
tion gives a homomorphism of generalized rings 

Oa{U)^Oa{U'), f^f\u' 

Thus Oa is a pre-sheaf of generalized rings over spec*(A), and by the local 
nature of the condition (lll.3A|) it is clear that it is a sheaf of generalized rings, 
i.e. for X G F, t/ 1 -^ Oa{U)x is a sheaf of sets. It is also clear that the stalks 
are given by 

Oa.p = lim OAiU) ^ Ap (11.3.2) 

peU 

(// - /(P) 


Theorem 11.3.2 

For s G A|i^j, we have a canonical isomorphism 


: A, ^ OAiD+), ^ia/sn = {f{p)^a/s'^} (11.3.3) 

In particular for s = 1, 

A ^ OA{spec*{A)) 

Proof. The map which takes a/s" G Ag to the constant section / with /(p) = 
a/s" for all p G Df, is clearly well-defined, and is a homomorphism of generalized 
rings. 

T is injective: Assume l'(ai/s"i) = l'(a 2 /s"^), and let 
a = ann\{s^^ <1 ai, s"^ <1 02 ) G il*{A), cf. (19.5.11119.5.121 1. We have. 


ai/s"i = a 2 /s"^ in Ap for all p G £>+ 
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^ Sp <1 <1 ai = Sp <1 < 02 with Sp G for p G £>+ 

^ a $ p for p G U+ 

^V+(a)nD+ = 0 
=> fo+(a) c fo+(s) 

=> s G /+fo+(a) = ^/a^ 

^ s" G a for some n 

^ s"+"2 <1 Op = g"+"l <1 

^ ai/s"i = 02 / 5 ”^ in yls 


(11.3.4) 


is surjective: Fix / G (!1.4(ii>+)x. Since D'^ is compact (Proposition 10.3.2), 
we can cover by a finite collection of basic open sets, £>+ = £)+ u ... u , 
g\ = gi, such that on £)+ the section / is constant. 


/(p) = Oi/s* for p e £)+, 

We have P+(si) c P+(gi), hence gt G /+P+(si) = hence for some m, 

and some Ci G 24[i], = Ci <\ Si. Thus our section / is given on 11+ by 

ai/si = Ci <i Uijg^L Noting that Z1+ = -D+„,, we may replace g"’ by gi, and 
replace Cj <1 ai by Ui, and we have 


/(p) = Qi/g^ for p 6 H+, 

On the set D^.^g^ = Z1+ n Z1+, i A j, our section / is given by both Ui/gi and 
ajigj. By the injectivity of we have 


ai/gi = aj/gj in Ag.<ig. 


Thus for some n we have 

(5i < 9jT < 9j < a* = {9^ < fo )" < 5i < Oj 
By finiteness we may assume one n works for alH, j ^ IV. 

Replacing gf o ai by ai, and replacing g^~^^ by gi, we may assume / = ai/gi on 
D+., and 

gj <\ ai = gi <i aj for all i,j (11.3.5) 

We have Df c |J £)+ ^ hence by (110.3.101) we have 

= {b<\c) // d (11.3.6) 

with b,de Ay, c = (c^^^) G (A[i]) ^ with = gi(^y), 

i{y):Y ^ ,N} 


. Define a G Ax by 

a = {b <\ e) // d, with d G Aj^x = , d^^^ = d, 

e G A^^y = (Ax)'^= ai(^y) 


(11.3.7) 
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We have for j = 1,... ,N 

gj <la = gj <l ((5 <\e) // d) = {h <\ gj <\e) // d={h<\ (gj <l Oj(j^))) jj d 

= (6 < (ffj(y) <l aj)) // d = {b <\ c <l dj) // d = ((& <\ c) // d) <l aj = <l Qj 

(11.3.8) 

Thus we have in Ag, o,j/gj = a/s^ for all j, and our section / is constant 
/ = T(a/s^), and 'h is surjective. □ 



Chapter 12 


Schemes 


12.1 Locally generalized ringed spaces 

Definition 12.1.1 

For a topological space X, we let QlZdX denote the category of sheaves of gen¬ 
eralized rings over X. Its objects are pre-sheaves O of commutative generalized 
rings, i.e. functors U 0{U) : Cx -* GT^c^ (with Cx the category of open sets 
of X, with Cx{U, U') = {jy/} for U' c [/, otherwise Cx(U, U') = 0), such that 
for all X G F, [/ I—> 0{U)x is a sheaf. The maps a-re natural 

transformations of functors = {ip{U)}, <p{U) e GTZc{0{U),0'{U))- 


Definition 12.1.2 

We denote by QTtS the category of (commutative) generalized ringed spaces. 
Its objects are pairs {X,Ox), with X e Top, and Ox e QT^cd- The maps 
/ G GTtS{X, y) are pairs of a continuous function / G Top{X, y), and a map of 
sheaves of generalized rings over y, G GTZcly{Oy, f;^Ox)', explicitly, for all 
open subsets U ^ y, we have a homomorphism of generalized rings 

fh = {fix} 6 gnciOyiU),Oxir^U)) (12.1.1) 

and these homomorphisms are compatible with restrictions: for U' ^ U ^ y 
open, andfor a G Oy{U)x, we have/^_^(a)|y-i([/') = /y/,x(“lc') v[iOx{,f~^U')x- 

Remark 12.1.3 

For a continuous map / G Top{X, y), we have a pair of adjoint functors 

/* 

GTZc/X ^ GUc/y (12.1.2) 

U 
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For sheaves of generalized rings Ox e QTZcl^, Oy e GTZcly, we have 

UOx{U) = Oxif-^U) , U^y open; (12.1.3) 

f*Oy{U)x = sheaf associated to the pre-sheaf 

lim Oy(V)x; (12.1.4) 

V ^ y open 
f{U) c 1/ 

and we have adjunction, 

guciyiOy, uox) = gndxiroy, Ox) ( 12 . 1 . 5 ) 

Remark 12.1.4 

For a map of generalized ringed spaces / e gTZS{X, J^), and for a point x e X, 
we get the induced homomorphism on stalks 
/I e g'R{Oyj(^^-^,Ox,x), via 


fi-Oyjix)= \j^y{V)^^ linp.v(rV)- (12.1.6) 
V ^y open V ^y open 

f{x)eV xef-d 

- \u^x{U) = Ox,x 

U X open 
X e U 


Definition 12.1.5 

We let CgiZS c giZS denote the subcategory of GTZS of locally generalized 
ringed spaces. Its objects are the objects {X, Ox) e giZS such that for all points 
X B X the stalk Ox,x G CgiZ is a local generalized ring, i.e. has a unique maximal 
symmetric ideal mx,x- The maps / e jCgTZS{X,y) the maps (/,/^) e 

gTZS{X, 3^), such that for all points x e X, the induced homomorphism on stalks 
(I12.1.6|) is a local homomorphism, /| e jCgTZ{Oyj(^x^,Ox,x), fldvjix)) — 
mx,x- 

Theorem 12.1.6 

The functor of global sections 


F: cgns (^7^c)°^, r{x, Ox) = Ox{x), 

nf,f) = flioifBcgns{x,y) 


(12.1.7) 
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and the spectra functor 

spec* : {QTZc)°^ -* CQTZS, spec*{A) = {spec\A),OA), 

spec*{(p) = (fi* for if e Q1Z{A, B) (12.1.8) 

are an adjoint pair: 

cgns{x,spec\A)) = gnc{A,Ox{x)) 

functorially in X e CgiZS, A e giZc (12.1.9) 

Proof. For a point x e X we have the canonical homomorphism of taking the 
stalk at X of a global section, e gTZ{Ox{X), Ox,x)- Since Ox,x is local with 
a unique maximal symmetric ideal mx,x, we get by pullback a symmetric prime 
px = (ft{mx,x) e speP{Ox{X)). Thus we have a canonical map 

p : X ^ spec\Ox{X)), x ^ px (12.1.10) 

The map p is continuous: For a global section g = g* e Ox{X)'^^, we have 
the basic open set c speP{Ox{X)), and 

P~\D+) = {xeX, p,eD+} = {xeX, 4>x{.g) f mx.x} (12.1.11) 

This set is open in X, because if (fxig) f 'nix.x we have in Ox,x some Vx with 
Vx <\ 4>x{g) = 1) hence there is an open set U ^ X, with x e U, and an element 
u e OxiU)+^ with V < g\jj = 1, and for all x' G U, Vx' o (px'ig) = !> and 4>x'{g) f 
iTix.x'- This shows p is continuous. The uniqueness of the inverse Vx = 4>xig)~^ 
for X G p~^(I?+) shows we have a well defined inverse v = (fflp-qD^))”^ e 
Ox{p~HDt))l,y Thus we have a homomorphism of generalized rings 

p^^ : Ox{X)g - Oxip-\D;)), a/g^ - u" < (a|p-i(^+)) (12.1.12) 

The collection of homomorphisms {p^j ,g G Ox(X)'l'^^}, are compatible with 
restrictions, and the sheaf property gives homomorphisms 

pIj e gn{OspecO;,(x)iu),Ox{p-\u))). ( 12 . 1 . 13 ) 

Thus we have a map of generalized ringed spaces 

p = {p,p^) e gnSiX,.speciOxiX))). (12.1.14) 

For a point x G T, we can take the direct limit of p^j^, over all global sections 
g G OxiX)+^ with (pxig) f Tnx,xi and we get a local homomorphism p| G 
CgTZ{Ox{X)p^,Ox,x)- This shows p is a map of locally-ringed spaces, p G 
CgnS{X,spec\Ox{,X))). 
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Given a homomorphism of generalized rings (p e QTZc(AjC>x(A^)), we get 
the map in LQTZS 

{spec*'ip) op : X spec*{Ox{X)) -—>■ spec*{A) (12.1.15) 

Given a map of locally ringed spaces / = (/, f^) e CQTZS{X, spec*{A)), we get 
a homomorphism in QTZc-, 

r(/) = flec(A) ■■ ^ = OA{spec*{A)) - Ox{X) (12.1.16) 

These correspondences give the functorial bijection of (jl2.1.9l) . we need only 
show they are inverses of each other. First for tp e QTi.{A, Ox{X)), we have 

T{spec*{pi) o p) = r(p) o T{spec*{p>)) = idox{x) o tp = p (12.1.17) 

Fix a map / = (/,/**) e LQTZS{X ^ spec*{A)) . For a point a: e T”, we have a 
commutative square in QTZc 

A = OA{spec*{A)) Ox{X) 

I I </>. (12.1.18) 

^fix) = OaJ(x) Ox,x 

Since the homomorphism /| is assumed to be local, we get 

r(/)*(p.) = r{fncPUmx,x)) = rf^,){fi*{mx,x)) = (12.1.19) 

= = fix) 

This shows that {spec* r(/)) o p = / as continuous maps. 

For a symmetric element s = s* e A^i^ , we have the commutative square in 

GTZc, 

A = OA{spec*{A)) Ox{X) 

I ^ i (12.1.20) 

71, = OA{Dt) ^ Ox{f-\Dt)) = Ox{D+,^^^) 

Thus for a/s" G A,, we must have 

= (r(/)(s”)l/-i(za7))~' ° (r(/)(a)) \f~^Dt) (12-1-21) 

= p“^, or(/)(a/s") 

This shows that / = {spec* r(/)) op also as maps of generalized-ringed spaces. 

□ 
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12.2 Schemes 

We define the Grothendieck-generalized-schemes to be the objects of the full 
subcategory QQS c CQTZS, consisting of the (A, Ox)’s which are locally affine. 
Later we shall define the category of generalized-schemes QS to be the pro¬ 
category of QQS. 

Definition 12.2.1 

An object X = {X,Ox) e CQTZS will be called a Grothendieck-generalized- 
scheme if it is locally isomorphic to spec(A)’s: there exists a covering of X by 
open sets Ui, X = yjUi, such that the canonical maps are isomorphisms 

i 

p : {U,,Ox\u,) ^ spec\Oxm) (12.2.1) 

We let QQS denote the full sub-category of CQTZS, with objects the Grothendieck- 
generalized-schemes. 

Open subschemes 12.2.2 Note that for X e QQS, and for an open set 
U (C X, we have the open subscheme of X given by (U,Ox\u)- That this is 
again a scheme, {U, Ox\u) e QQS, follows from the existence of affine basis for 
the Zariski topology on spec*{A), A e QTZc, namely {Df ,Oa\jj+) = spec*{As) 
for s e . 

Gluing schemes 12.2.3 The local nature of the definition of Grothendieck- 
generalized-scheme implies that QQS admits gluing: 

Given Xi e QQS, and open subsets 17^ ^ Xi, and maps pij G QQS(Uij, Uij), 
satisfying the consistency conditions 

{i) Uu = X^, and pu = idx^, (12 2 2) 

(xz) Cij ^ji ^ t/^7,;,and Pjk o Cij l^ih, 

there exists X G QQS, and maps pi G QQS{Xi, X) such that 

(i)pi is an isomorphism of Ajonto an open subset pi(Xi) c X 
{ii)X = IJ pi{Xi) (12.2.3) 

i 

{iii)pi{Xi) n PjiXj) = pi{Uij), and pj o p^j = i^^on Uij. 


Ordinary Schemes 12.2.4 For an ordinary scheme {X,Ox), with Ox a 
sheaf of commutative rings, there is a covering by open sets X = [JUi, with 

i 

{Ui,Ox\ui) = spec{Ai), the ordinary spectrum of the commutative ring Ai = 
Ox{Ui). We then have Grothendieck-generalized schemes Xi = spec*{Q{Ai)) = 
{U,,Q{Ox)\u,). These can be glued along Uij = Ui n Uj, to a Grothendieck- 
generalized scheme denoted by Q{X) = (X,Og(x) = It is just the 
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underlying topological space X with the sheaf of generalized rings Q{Ox) asso¬ 
ciated to the sheaf of commutative rings Ox via the functor Q : Ring —> GR, 
(I8.3.12|) . Denoting by TZS the category of (ordinary, commutative) ringed 
spaces, the functor Q applied to a sheaf of commutative rings O, gives a sheaf 
of commutative generalized rings G{0), and we have a functor G ■ RS GRS. 
Denoting by CRS (resp. by S) the category of locally-(commutative)-ringed 
spaces (resp. the full subcategory of ordinary schemes), the fact that G is fully- 
faithful implies that we have full-embeddings of categories: 


ordinary generalized 


CRS ^ > CGRS 

/t A 


5 -—GGS 

A A 


spec 


Ring°P 


{GRcY 


(12.2.4) 


The generalized Grothendieck scheme G{X), associated with an ordinary 
scheme X e S, has always a unique map: G{X) ^ spePGi'C). 


Some Examples of Schemes over F 


Example 12.2.5 

The (symmetric) affine line over F is given by, cf. (18.3.751) . 

A),. = spec = specFjz^} (12.2.5) 

We have u {0}; (0) is a prime, the generic point of A^; and (z) is 

a prime, the closed point of A),_ = {(0), (z)}. 

Similarly, we have 

A^ = spec‘A[i] = spec*¥{z^ ■ (z*)^}. (12.2.6) 

The symmetric prime (0) is the generic point of A^, and the symmetric prime 
(z-z*) is the closed point: A^ = {(0), (z-z*)}. The homomorphism Flz"^-(z*)*^} -» 
F{z"}, z, z* 1 -^ z, gives the immersion 


1 


1 


(12.2.7) 
















CHAPTER 12. SCHEMES 


190 


Example 12.2.6 

The (symmetric) multiplicative group over F is given by 
G+ = spec¥{z^} = {(0)} c 
Note that for a commutative generalized ring A, 

QTZc(^{z^}, A) = A* = {a e there is a~^ e A'^.^ 

Similarly, 

Gjn = spec* ¥[z^ ■ {z*Y] = {(0)} c a\ 


( 12 . 2 . 8 ) 


ao a ^ = 1} 

(12.2.9) 

( 12 . 2 . 10 ) 


and 

QTZci^Yz^ ■ {z*Y^,A) = A*. We have an immersion 

G+ Gm (12.2.11) 


Example 12.2.7 

The (symmetric) projective line over F is obtained by gluing two (symmetric) 
affine lines along Gm ^ 

P+ = specFjz^} U specF{(2;“^)^} = {mi, mo, TOqo} (12.2.12) 

specW {z^] 

Respectfully, the full 

= spec* ¥{z*^ ■ {zy} ]J spec‘F{(z-i)"-(( 0 *)-!)”} (12.2.13) 

spec* ¥{z^-{z*)^] 

It has a generic point mi = (0), and two closed points mo = (z), (resp. {z ■ z*)) 
Woo = (resp. (z~^ ■ (z*)~y. We have the immersion 

^ pi (12.2.14) 

Interchanging z and z~^ we get an involutive automorphism 

I-.Fl^Fl, IoI = idpi^ (I2.2.I5) 

interchanging mo and mao- 

Every rational number / G Q*, dehnes a geometric map 

h€ggs{specg{'L),F\) ( 12 . 2 . 16 ) 

If / = ±1 this is given by the constant map 

¥{z^} F{±1} c g(Z),z ^ f = ±1 


(I2.2.I7) 
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li f A ±1, let No= Up, Nao 

i / p (/)>0 

specQ{Z) = specQ{Z[—]) 
JVo 


= W P, then 

p ' p (/)<0 

U specg{Z{^]) 


(12.2.18) 


and the geometric map /z is given by the spec-maps associated to the homo- 
morphisms: 


F{7} 


in 

in 

F{7} 


lU 

lU 

F{(z-i)n 



(12.2.19) 


f 

z-i 1-^ /-I 


12.3 Projective limits 

The category of locally generalized ringed spaces CQTZS admits directed inverse 
limits. For a partially ordered set J, which is directed (for ji,j 2 e J, have 
j e J with j ^ ji, j ^ j 2 ) and for a functor X : J CQTZS, J 3 j Xj, 
ji ^ j 2 '—>■ e CQTZS{Xj.^^^Xj^), we have the inverse limit limff G CQTZS. 

"J 

The underlying topological space of limff is the inverse limit of the sets Xj, 

T 

with basis for the topology given by the sets 7r“^([/j), with Uj c Xj open, and 
where : limXj —> Xj denote the projection. The sheaf of generalized rings 

jeJ 

OiimX over limftj, is the sheaf associated to the pre-sheaf U i—> \m\TT*Oxj{U). 

^ J 7 

For a point x = (xj) G limT)-, the stalk OiimX,x is the direct limit of the 

local-generalized-rings Oxj,xj, and hence is local, and (lirnd),-, OiimA') e CQTZS. 

An alternative explicit description of the sections s G Oiimx{U), for U c 
lim Xj open, are as maps 

s : ^ L[ OiimX.x, with s(x) G Oi^x.x (12.3.1) 

xeu 

such that for all x e U, there exists j G J, and open subset Uj c Xj, with 
X G Tf~^{Uj) U and there exists a section Sj e Oxj(Uj), such that for all 

p G 7r~^(U^), we have s(y) = 7r“(sj)|j^. 

We have the universal property 

CQTZS(Z,1^X^) = limCQTZS(Z,X^) 

J jeJ 


(12.3.2) 
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Note that if Aj = speP{Aj) are affine generalized schemes, then the inverse 
limit 

lhn.{spec* (Aj)) = spec*{\^Aj) (12.3.3) 

T J 

is the affine generalized scheme associated to lim Aj the direct limit of the Aj ’s 

T 

computed in QTZ. (Hence in Seto, cf. (18.3.781) 1. 

Note on the other hand that the category of Grothendieck- generalized 
schemes GGR is not closed under directed inverse limits (just as in the "clas¬ 
sical" counterparts, the category CTZS of locally ringed spaces (resp. Ring) 
is closed under directed inverse (resp. direct) limits , while the category <S of 
schemes is not closed under directed inverse limits). The point is: for a point 
X = (xj) e limdy, in the inverse limit of the Grothendieck (generalized) schemes 

Aj, while each Xj e Aj has an open affine neighborhood, Xj e spePAj c Aj, 
there may not be an open affine neighborhood of x in lim Aj. 


Definition 12.3.1 

The category of generalized schemes GS is the category of pro-objects of the 
category of Grothendieck-generalized schemes, 


GS = pro-GGS. 


(12.3.4) 


Thus the objects of GS are inverse systems A = {{Ajjj^zj, where 

J is a directed partially ordered set, Aj e GGS for j e J, and 7rj^ e GGS{Aj,, , Aj^ ) 
for ji > j 2 , ji,72 e d, with 7rj = idx^, and oTrj^^ = for ji ^ j2 > J3- The 
maps from such an object to another object y = ({J^ijie/, are given 

by 

GS{A,y) = \im\iinGGS{Aj,y,) (12.3.5) 

T 7 

i.e. the maps (p e GS{A,y) are a collection of maps ipf e GGS{Aj,yi) defined 
for all i e I, and for j > T(i) sufficiently large (depending on i), these maps 
satisfy: 


for all i B I, and for 71 > 72 sufficiently large in J: 




(12.3.6) 


for all ii > 12 in /, and for j B J sufficiently large: 


TT*'- O ipl =1x2- 

In T'l, 'Tin 


(12.3.7) 


The maps p = and p = are considered equivalent if 

for all i B I, and for 7 e J sufficiently large: 


7 "7 

Tl = 


(12.3.8) 
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The composition of (^ = e gS(A,y), with^’ = e gS(y,Z), 

is given by -ip o ip = {ipl o ‘pi}j;^r(a(k)) e GS(A, Z). 

There is a canonical map (which in general is not injective or surjective, but 
is so for "finitely- presented" {Xj} and {Yi}, see [EGA| 1. 

lim £gns{Xj,y,) —> cgTzs{\miXj,y,) 

By the universal property (112. 3. 2|) we have bijection 

YiuYCgiZSibmXj.yi) = £^7?.5(limT’j,lim3^i) 

"T YT "J "T 

Composing (112.3.9|) and (112.3.101) we obtain a map 

C : AmWmCgnS{Xj,yi) —> CgnS{\imXj,\Ymyi) 

T T T T 

Thus we have a functor 

c-.gs—^ cgns, c{{Xj}j^j) = im x^ 

Pr 

We view the category ggS as a full subcategory of gS (consisting of the objects 
X = {Ajijgj, with indexing set J reduced to a singleton). 


12.4 The compactified specie 

We denote by rj the real prime of Q, so | jjy : Q —> [0,oo) is the usual (non 
archimedean) absolute value, and we let denote the associated generalized 
ring (|8.3.20l) . c ^(Q). For a square-free integer N > 2, we have the sub¬ 
generalized-ring 

An = e(Z[^]) n c ^(Q) (12.4.1) 

The localization of An with respect to e gives (An)^ = t/(Z[^]), 

so the inclusion Jn ■ An ^ fy(Z[^]) gives the basic open set 

j% : spec{Z[^]) = spec* t/(Z[^]) Dt £ spec*(Ajv) (12.4.2) 

iV I\ N 

The inclusion iN ■ An ^ Orj, gives the real prime r]N e spec* {An), 

rjN = 4(mr,), {vn)x = {a= (a,,) e (Z[^])^, ||a|p = ^ < 1} 

xeX 

(12.4.3) 

Note that rjN is the unique maximal ideal of Ajv, and An is a local generalized 
ring. Let Xn denote the Grothendieck generalized scheme obtained by gluing 
spec* (An) with spec* g{Z) along the common (basic) open set spec*{g{Z[-^))). 


(12.3.9) 


(12.3.10) 


(12.3.11) 


(12.3.12) 
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The open sets of Xn are the open sets Um = spec(Z[^]) c spec(Z), (and 
Oxn{Um) = as well as the sets {ijn} u Um, with M dividing N (and 

OxNiiVN} u Um) = Am, M\N). ^ 

For N 2 dividing TVi, we have a map G GGS{Xni, XN 2 ) induced by the 
inclusions 

An 2 - A^„ and 17(Z[^]) - e(Z[^]). 

Note that is a bijection on points, and that moreover, 


= Oxn^ and (7rj^2)“is the identity map of Ox^^ 
But there are more open sets in Xj^^ then there are in X^^\ . 


(12.4.4) 


The compactified specZis the object of GS = proGGS given by ({Xn}, } N 2 \Ni), 


specZ = •( Xn = spec{AN) ]J specGC^) (12.4.5) 

specg(z[jj]) J ^^2 square free 


Note that the associated locally-generalized-ring space 


X = C{spec1j) = limftAr G CGHS 


(12.4.6) 


N 


has underlying topological space X = {rj} ]_[ specie), with open sets 

Um = spec(Z[jg]) (and Ox{Um) = G{^[^])), as well as the sets 

with no restrictions on M, and OxOv} T T Um) = Am for M ^ 2, while the 

global sections are Ox(X) = F{±1}. 

The stalks of Ox are given by 


Ox,p = G(Z(p)), p G spec{Z), 

Ox.p = Op 


Z(p) 


(12.4.7) 


Similarly for a number held if, with ring of integers Ok, and with real and 
complex primes pi, i = 1 ,..., 7 = 7 b + 7 C) we have the sub-generalized-ring of 
G{K) given by 

AN,i = G{Ok[^)) gi Ok,P i ^ G{,K) (12.4.8) 

Let Xk be the Grothendieck generalized scheme obtained by gluing {spec^AK.i)}^!^^ 
and {spec{G{OK))} along the common (basic) open set spec {G{Ok[^]))- 
For iV2|A^i, we have g GGRiX^i, XK 2 ) induced by the inclusions AK 2 ,i ^ 
ANi,i- We get the compactihed spec{OK), it is the object of GS given by the 


N, 


Xk's and 
The space 


Xk = C{spec{OK)) = lim Ajv s CGRS 


(12.4.9) 


N 


has for points the set spec{OK) and for open subsets the sets U ]_[{pi}iei, 

U c spec{OK) open, i c {1 ,..., -y}, where 

OxAUWi Vi}iel) = Pi G{Ok,p) Gi f\OK,pi 

pell iel 


(12.4.10) 
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In particular, the global sections are 

= P) Q{Ok,p) ^ P) C>K,r]i = (12.4.11) 

pE:specOK 4^7 

with IIK ^ the group of roots of unity in O^. 


Returning for simplicity to the rational X = spech case of (jl2.4.5|l . every 
rational number / e Q*, dehnes a geometric map 


fegs{xj\) 


(12.4.12) 


i.e. a collection of maps f ^ e ggS(Xj^,F^), for TV divisible by Ng • A^cx 

No= n P, n p, with / o Trjjf = / 


! Vp (/)>0 i ^ p (/)<0 

For / = +1 it is the constant map given by 


i-M' 


F{z^} F{±1} = g(Z) n An, for any N (12.4.13) 

f = ±1 

For / ¥= +1, we may assume \f\ri < 1, by the commutativity of the diagram 
(with / the inversion (|12.2.15l) l. 

Tn>i_ 






(12.4.14) 


Thus for N divisible by Nq ■ we have / e An, and the map f ^ is given 


by /^ = /z U frt,N, with fr,,N = Spccff^j,^, s ^7^(F{z”}, Ajv), 
the unique homomorphism with p j.^{z) = f, and /z is as in (112.2.191) . 


Xn = specg{Z) ]_[ spec An 

spece(Z[i]) 


giz[X])^AN3f 


f = 
An 


I 


fzllfv,N 


/, 


r],N 


r r 

I 1 


P+ = spec¥{{z ^)^} ]_[ specFjz^} ¥{z^} 3 F{z^} 3 2 

spec¥{z'^} 

(12.4.15) 

Similarly for a number field K, every element / e K* defines a geometric 
map 

/ e gS{specOK, P+) (12.4.16) 











Chapter 13 


Products 


13.1 Tensor product 

The category QTZc of commutative generalized rings has tensor-products, i.e. 
fibred sums: Given homomorphisms e QTZc {A, B^) j = 0,1, there exists 

e QTZc, and homomorphisms e QTZc{B^, B^ (X) B^), such that 
A A 

ijj^ o (p^ = o ip^ ^ and for any C e QTZc, 

QTZc (B° 0 , C) = QTZc (B°, C) [] QTZc {B\C) 

A gKc(A,C) 

So given homomorphisms P e QTZc{B^, C) with f^op^ = there exists a 

unique homomorphism/° (g)/^ G 0 B^, C), such that (/°g)/^) o-^-^ = 

A 

P- 

The construction of B° B^ goes as follows. First for a finite set 
A 

6°, 6},where 6^ G B^^, we have the free commutative general¬ 
ized ring on the sets {X°,..., X^, Xf,..., X^} (|8.3.65l) . and we write • ■ ■, ■ • ■, 

for its canonical generators. Taking the direct limit over such finite subsets, cf. 

^8.3.71 we have the free generalized ring A with generators b, with b G B^ or 
b G B^, and any A G F. We divide A by the equivalence ideal sa generated by 

6 < B ~ 5 <1 y , 
bUbP^bJ^ , 

11- 1 
~ Pi.a) , 


The quotient generalized ring X/ea is the tensor product B^ (^B^, 

A 

the homomorphism ip^ is given by (b) = b mod ea, be B^. 


b, b' G Bi 
b, b' G B^ 


j = 0,1; 

3 = 0 , 1 ; 


where V e B^^^ is the unit; 
for a G A 


(13.1.1) 
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Note that every element of (B^ B^)x can be expressed (non-uniquely) as 

A 

(ll,k) = (Hl <1 ^2 <1 ■ ■ ■ <1 Hn) // (kl O ' ‘ ‘ km) (13.1.2) 

with tti G ^ jj. g j^j(^od2) ^ /i o • • • o /„ = cx o gi o ■ ■ ■ o gm (where 

cx e 5'e<.(X, [1]) is the canonical map, cx{x) = 1 for all x G X). These 
elements are multiplied and contracted by the formulas of multiplication 18.2.71 
and contraction 18 .2.81 

Example 13.1.1 

For monoids Mq, Mi, N, and homomorphisms tjj'^ G Mon{N, Mi), i = 0,1, we 
have (by adjunction (I8.3.44|) l. 

F{Mo} (X) F{Mi} = F{Mo(X)Mi} (13.1.3) 

¥{N} N 

where Mq Mi is the fibered sum in the category Mon. The monoid Mq Mi 

N N 

is given by elements mo ® mi, mi G Mi, with relations 

mo {x)0 = 0{x)0 = 0(g)mi , mi e Mi (13.1.4) 

and 

mo ■ ilj°{n) ®mi=mo®tp^{n)-mi, ne N (13.1.5) 

Example 13.1.2 

For a commutative ring B, let B' denote the underlying multiplicative monoid of 
B (i.e. forget addition), and let F{i? } denote the associated generalized ring, cf. 
^8.3.51 From the identity map B- -M- Q(^B)[i-^, we obtain by adjunction (18.3.44^ 
the canonical injective homomorphism Jb e 0TZ{¥{B'},Q{B)). The unique 
homomorphism of rigs N —>■ B, gives the unique homomorphism of generalized 
rings Ib s G'R{G{H),Q{B)). We get a canonical homomorphism of generalized 
rings. 


'^B = Ib ® Jb ^ GR-c 


G{N)0¥{B-},G{B) 


(13.1.6) 


The homomorphism I'b is always surjective (as follows from (18.3.191) 1. 

For any monoid B, the elements of the generalized ring = ^(N) <^¥{B}, can 

be described as in (I13.1.2L but we can move the elements of FjB} to the right 
(using (|8. 2. 141) 1. and we can take the elements of t/(N) to be the generators Iz; 
thus we can write every element of as o /u, l,r)) with tt g Set,{X, X), 
and p G {B)^, 
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The elements of A/jf are (isomorphism classes of) sets over XY[B, where 
the equivalence relation w is invariant by isomorphisms, i.e. 

{tt : X X, ^ : X B) {tt' : X' X, n' : X' ^ B) ii there is a bijection 

cr : X ^ X', TT = tt' o cr, ^ o (T, 

and by zero, i.e. 

(X,7r,/r) « /x(a:) = 0. (13.1.8) 

For / e Set,{X, Y), and for (X, /r) e J\f^, {Z, A) G Aff, we have the contrac¬ 
tion, cf. §8.2.8, 


X,/r)//(Z,A)) = (^xYlZ,ifi//X)^ 

{^i// \){x,z) = n{x) ■ A(z) 

For (F,/i) e My we have the multiplication, cf. §8.2.7. 


(13.1.9) 


<]{Z,X) = {YY[z,fi<iX) (13.1.10) 

y 

fi < X{y,z) = fj.{y) ■ X{z) 

For a commutative rig B, the canonical homomorphism (jl3.1.611 'I's G QTZ{Af^' , Q{B)) 
is given in this description as 


(vI/b(X,^))^= 2 Mi) (13.1.11) 

xgX 

7r(x)=£C 

To get such a surjective homomorphism we can use any multiplicative sub¬ 
monoid Bq B such that N{i3o} = B. For example, for i? = Z the integers, 
we can take Bq = {0, ±1}, and we get a surjective homomorphism 


^'Ge7e(e(N)(X)F{±l},Cl(Z)) (13.1.12) 

F 


13.1.3 generators and relations for G{B), B commutative 
ring. 

We have a surjective homomorphism 

$ : ^ ^(N) 

5 = (5[2] ^(l,l)ee(N)[2] 

^x{Fi,{Bx},cr)/ as= {d/FdFx)xeX 


(13.1.13) 
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Theorem 13.1.4 

The equivalence- ideal /C£1Z(^) = h[ is generated by 

a(N) 


Zero : 5 <1 li = 1, 

Ass: 

Comm: 


li e iF[ 2 ],[i], li(l) 

(5 <1 (5 = (5 <1 (5 


(5 <11^0 


1g[2] 


We get a surjective homomorphism 

:F{±1}® AM ^g(Z) 
F 


(13.1.14) 


(13.1.15) 


Theorem 13.1.5 

The equivalence ideal 1C£7Z(^^) is generated by the relations (I13.1.14|) . and the 
relation 


Cancelation: (^<l(—l))^i 2 )//^ — ^ 

For a commutative ring B we get a surjective homomorphism 

:F{S'}® AM ^g{B) 

F 


(13.1.16) 

(13.1.17) 


Theorem 13.1.6 

The equivalence- ideal ]C£TZ(^b) is generated by the relations (I13.1.14I1 . and 
the relations for &i, 62 e 7? 


{hiM- {5<\{bi),=i,2)l/5 = ( 6 i-f 62 ) 6 nB'}[i] = B. 

(13.1.18) 

The proofs of theorems 13.1.4-6 are the same as the proof given in Theorem 

2 . 10 , 1 . 


Every element G e (F{i?'} (g) A[^i)jf can be represented (after moving the 

F _ _ 

elements of F{i?'} to the boundary using (18. 2.141) 1 as G = {Gi;{Gx}xex',cr', fJ-) 
Gi, Gx are {1, 2} = [2]- labelled binary trees 


and 


dGi A, SGx 


xsX 

(13.1.19) 

fj. : dGi B 


E_ fj.{cr-\z))] 

(13.1.20) 
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Note that the associated graph G e Graphj^i^ x from X to [1], obtained by going 
from X up the trees Gx, and than via cr~^, down the tree Gi, 

Go = Gi[J(]JG,) = Gio([Jg,) (13.1.21) 

5Gi xeX xeX 

is already in the ("left")o("right") form of the proof of theorem 2.10.1. 

13.2 The arithmetical plane Q{'N)(^^Q{N) 

We next give a description of the arithmetical plane 17(N) 1/(N). 

F 

An oriented-tree is a (rooted) tree F together with a map 

ep ■■ F\dF ^ {0,1} (13.2.1) 

It is 1-reduced if ^{a) A 1 for all a e F. 

If for some a e F, Sp^{a) = {a'}, we obtain by 1-reduction the tree 

UiF) = F\{a} (13.2.2) 

with Sp’ia') = Spia). 

For every oriented tree F there is a unique 1-reduced tree A’j^_ped’ 
obtained from A by a finite sequence of 1-reductions. 

The oriented tree F is <1- reduced if for all a e F"\(dF]_[{0F}), £(a) A 
e(S'(a)). 

If for some a e F\{dF ]_[{0f}), e(a) = e(5'(a)), we obtain by <- reduction the 
tree 

Oa{,F) = n{a} (13.2.3) 

with So^(p)ia') = Sp{a) if Sp{a') = a. 

For every oriented tree F there is a unique <-reduced tree A'^_i-ed’ 
obtained from A by a finite sequence of O-reductions. For a O-reduced oriented 
tree F, the orientation £f is completely determined by its value at the root 
^^(Of), since £p(x) = £p(0p) + ht(x)(mod2). Thus we view <-reduced oriented 
trees F as ordinary trees together with an orientation of the root sp = £p(0p) e 
{ 0 , 1 }. 

Note that the operations of 1-reduction and O-reduction do not alter the 
boundary of a tree. 

We let SB denote the equivalence relation on oriented trees generated by 1- 
reductions and <-reductions. We let [F] denote the equivalence class of the 
oriented tree F. Thus [F{ = [F'] if and only if there exist F = Fq, Fi, ..., F; = 
F', such that for j = 1,..., the pair {Fj,Fj-i} is related by 1-reduction, or 
<-reduction; it follows that there is a canonical identification of the boundaries: 
dF = dF'. 


For a finite set X G F, let Tx denote the collection of isomorphism classes 
of data 

Tx = {F = ([Fi];[FJ,xg A;aF)}/= (13.2.4) 
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where Fi, are oriented trees taken modulo fs-equivalence, and (7^^ is a bi- 
jection ap '■ SFi —> ]_[ dF^ and the data is taken up to isomorphism and 

xeX 

consistent-commutativity. Thus explicitly, the data F is equivalent to the data 
F' , if and only if there exists F = F° , F^ ,..., F’‘ = F' such that for j = 1,..., / 
the pair {F^,F^~^} = {G,G'} is related by either: 

Isomorphism: have isomorphism ti : Gi ^ G'i,Tx : Gx ^ G'^,x e X such 
that CTG' o Ti{b) = TxO aaib) for b e dGi, acib) 6 dGx- 

1-reduction: have G" = laG, for some a e Gi uU Gx with ^'(a) = 1, cf. 

xeX 

mm- 

O-reduction: have G' = OaG, for some 

a e (Gi\(dGi ]_[{0})) U e(a) = e(5(a)), cf. mm . 

xeX 

Consistent-commutativity: {G, G'} of the form (18.3.551) or (|8.3.57l) . 

The operations of multiplication (|8.3.51l) . and of contraction (18.3.531) . induce well 
defined operations on equivalent classes of data, and make T into a commutative 
generalized ring. It is straightforward to check that 

F<G ^ F iUG) ^ F <i (OaG) 

- (Ui^) < G - (O.F) < G 
F//G - (F // 1,G) - (F // OaG) 

^ (laF// G) ^ (OaF// G) 

whenever the operations 1 q, Oa are relevant, and that T satisfies the axioms 
of a commutative generalized ring. 

Note that for £ = 0,1, we have the elements 

= ([x]J{0}];[0j,a;eX;a) eTx (13.2.6) 

where X ]_[{0} is the oriented tree with e(0) = £, S{x) = 0 for x e X, and 
(7 : X —> ]_[ {Oa;} is the natural bijection a{x) = Oa,. 

xsX 

For / e Set.iX, F), and {S})^y^ = yeY, we have via <-reduction 

Jf- < (5} ^ (13.2.7) 

we also have by 1-reduction 

^[ 1 ] = ([{ 0 } 1 ^ ^[ 1 ] ( 13 . 2 . 8 ) 

Thus we get homomorphisms, 'I''^ e t/72.(t/(N), T) with 'I''^(lx) = i® clear 

that T is generated by the (5^, and the only relations they satisfy are (113.2.71) . 
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(113. 2. 8|) . and consistent commutativity. It follows that T is the sum of ^(N) 
with itself in the category of commutative generalized rings: for any A e QTZcj 


gnc{g{¥i),A) x ^;7^c(e(N),A) 

[if o (f o 


gUciT^A) 

T 


(13.2.9) 


The diagonal homomorphism 


Ve^l7^c(T,^l(N)) (13.2.10) 

is determined by Vx((^x) ~ i® given explicitly by 

Vx([Fi]; [Fj,ex;a) = (13.2.11) 

The homomorphism V is surjective, but it is not injective. 

For a monoid B, the tensor product T(^¥{B} can be described as isomor- 

F 

phism classes of data 


{T(g)¥{B})x := {F = ([FJ; Mf)}/ = (13.2.12) 

F 

Here the data ([Fi]; {[F^Wx^x] crp) is the data for Tx, and fip is a map 

'■ SFi B, and isomorphisms are required to preserve the F-valued maps, 
and the zero law holds in the form: 


fJ.F{b) = 0, ^{b) =Xo^ F ^ ^ {CPa;o]\{o-F(&)}) 

(13.2.13) 

The operations of multiplication and contraction are the given ones on the T- 
part of the data (i.e. given by (|8.3.51l) and (|8.3.53|) ). and are given on the 
F-valued maps by (using the notations of (18.3.521) and (|8. 3. 541) 1: 

fiG<iF{b,a) = fiaib) ■ ,b e dGi,a e d^rib) n 3 2 14 l 

^^G//F{b,a) = ^icib) ■ , 6 e dGi, a G dF^(6) 1 ■■ 1 

For commutative rings Fq, Fi, taking B = B'q® B\ (the sum in Mon, cf. 
(|13.1.4|) 1. we get the generalized ring 

T 0 F{F' ® F-} = g(N) 0 F{F-} (X) e(N) (X) F{F-} (13.2.15) 

F F F F 


which maps surjectively onto G{Bq) (x)5(-Si). 

F 

For the integers Z, taking B = {0,±1}, we get the generalized ring 
T0F{±1} = (^(N)0F{±1}) 0 (e(N)®F{±l}) 

F F IF{ + 1} 


(13.2.16) 
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with a surjective homomorphism 

^:T0F{±1}^C;(Z) 0 g(Z). (13.2.17) 

F F{ + 1} 

Note that KER{'k) = E{a) is the equivalence ideal generated by the homoge¬ 
neous ideal a generated by the elements giving the "cancellations "on the left 
and right t/(Z)’s: 

Xe = (Fei cr = id ;/r = id) e (T (x)]p F{±l})[i], e = 0, 1 (13.2.18) 

with the reduced oriented tree = {0} U {+!}, 5(±1) = 0, e(0) = e. 


13.3 Products of Grothendieck-Generalized-schemes 


The category QQS has fibred products: 

Given maps /•! e QQS{X^,Y), there exists e QSS, and maps 

TTj G gQS(X^TlYX^,X^), with /° o tto = /^ o tti, and for any e QgS(Z, X^), 
with f^og^ = o there exists a unique map g^ng^ e ggS(Z, X^TIyX^), 
such that TTj o (g^Trg^) = g^, j = 0,1. 

Writing Y = [jspeU{Ai), {f^)~^{spec*{Ai)) = {j spec*{Bf f,), the fibred 

i k 

product X*^IlyX^ is obtained by gluing spec*{B*^f.^ (X) Bl0. See the construc- 

’ _ ^ 

tion of fibred product of ordinary schemes, e.g. [Hartl Theorem 3.3, p. 87]. 


13.4 Products of Generalized-schemes 

The category QS has fibred products. This is an immediate corollary of 113.31 
Given maps 

T = £ GS{{Xj}j^j,{Yi}i^i), 

and 

t' = }/>.'(*) e gSi{X0,,,j,,{Y^hei) (13.4.1) 

the fibred product of (p and p' in gS is given by the inverse system {XjHy^Xj,}, 
the indexing set is 

{{jj'u) e J X J' X J I j > cr(i), f ^ cr'(i)} (13.4.2) 


13.5 The Arithmetical plane: X = specL specL 

F{±1} 

This is a special case of 913.41 The (compactified) arithmetical plane X is given 
by the inverse system {TV O Xm}, with indexing set 

specF{ + l} 
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{(N,M) e N X M|A^, M square-free} and with 

Xjq = specQ{l) spec{Q{l.[^]) r\ Or,) (13.5.1) 

specs (Z[.^]) 

as in (112. 4. 5|) . This generalized scheme X contains the afhiie open dense subset, 

specQ{Ij) specQiZ) = speU{G{'^) 0(^)) (13.5.2) 

F{ + 1} IF{ + 1} 

e.g. basis for neighborhoods of {p, rj) is given by 


spec* g(Z[l]) 0 n Or,) 

F{ + 1} 


(13.5.3) 


where p does not divide N, and M is arbitrary. 

Similarly, for any number field K we have the compactified surface 

specOK specOx (13.5.4) 

specF{/jftr} 


It contains the affine open dense subset speU{Q{OK) (X) G(,Ok))- 

F{pk} 








Chapter 14 

Modules and differentials 

14.1 A-module 

Definition 14.1.1 

Let A e QTZ. An A-module is a functor M e (A6)®', with M[q] 
operations: 

multiplication: for Zg e Z e F, 

_ < _ : Mz X Ax —> Mz<ix 

-20 ZQ 

contraction: for A c y g F, 

— II—'- My X Ax —> My/x 

These are assumed to satisfy the Disjointness Axioms I, II, III, 
f GSet.(y, Z), (with Af = Yi 4/-i(z)), we have "multiple" 

Z^Z 

multiplication: 

_ <1 _ : Mz ^ Af —> My 

contraction: 

— H My x A f —> Mz 

We further assume these operations satisfy the following axioms: 
Unit and Functoriality: 

for / e Fz,y,m e My,m lllf = m<lft= /m(w) 

Homomorphism: 

(mi -I- m 2 ) <1 a = (mi <1 a) -I- (m 2 <1 a) 

(mi -I- m 2 ) II a = (mi II a) + (m 2 H a) 


= {0}, and 

(14.1.1) 

(14.1.2) 
and so for 

(14.1.3) 

(14.1.4) 

(14.1.5) 

(14.1.6) 
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Associativity: 

Left Adjunction: 
Right Adjunction: 


(to <1 ao) <1 ai = TO <1 (oo <1 ai) 

{m II ao) II ai = m /I (oi <1 ao) 
m II {b II a) = (m <\ a) II b 


206 

(14.1.7) 

(14.1.8) 

(14.1.9) 


Left Linearity: 


m <} {b II a) = (m <} b) II a 


(14.1.10) 


We are only interested in the commutative- A-modules that further satisfy 


Right Linearity: 


{m II a) <\b = {m < f*b) II g*a for aeAf,beAg. (14.1.11) 


Note that for M an F- module, i.e. a functor M e (A6)^ with M[o] = {0}, and 
for A c y G F, Mx is a subgroup of My, a direct summand, and the projection 
My —» Mx is denoted by to i—> m\x- 
In particular we have the "matrix - coefficient" map 


Jx ■ Mx —> (M[i])^ 
Jx{m) = 


(14.1.12) 

(identifying M[i] = M{^^ c Mx). 


If these maps are injective for all A e F we say M is a "matrix"- A-module. 


Definition 14.1.2 

A homomorphism of A-modules (p : M ^ M' is a natural transformation of 
functors that commutes with the A- action. 

Thus we have an abelian category A-mod. It is complete and co- complete: all 
(co-) limits can be taken pointwise. It has enough projectives and injectives: 
the evaluation functor at A e F, : A-mod ^ A&, M = Mx, has a left 
(resp. right) adjoint if- (resp.i^). 

In particular, we have the 


14.1.3 Free A-mod of degree X e F: 

A^ = ifZ, generated by Sx e Af, and 

A-mod(A^,M) = Mx via (p p>x{Sx)- 

The elements of degree Z e ¥, m e Af, are linear combinations 

k 


(14.1.13) 


TO = ^ TOi • (^x <1 ai) H bi 


with TOi e Z,ai e Af^:Xi^x,bi e Ag^■,x^^z 


i=l 


(14.1.14) 
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and for / eSet,{Y, Z), (resp. / GSet.(Z, y)), and a e Af, the action of a on 
such an element m is given by 

k 

TO <1 a = ^ mi{dx <1 (ai <1 g*a)) jj f*h 

(14.1.15) 

resp. m ff a = rnt{Sx < Oi) // {a < h). 

i=l 


The elements {5x <1 a) // b are subjected to the axioms of an A-mod, and we 
have 


{6x <i {a//c))//b = {Sx < a)//{b <i c) for Y 



X Z 


and {6x <{a<c)) // b = {6x < a) ff {b ff c) for Y 



X Z 


(14.1.16) 


Example 14.1.4 

For A = G{R), R a commutative rig (so every a = (ux) e Ax, can be written as 
a = lx<l < fla; >) with < ax >G = Aidx )> we have 

(4^)^ := Z • Ax^z/'^ • Ox0z = Z • (R^®^')I'L ■ Ox^z, (14.1.17) 

the free abelian group on X hy Z matrices over R (modulo Z • Oxgv, because 
4j^] = {0}). For a = {ax,z) £ we have the generators 

Sx • (a) '■= (bx < (ax,z)) H (lx)z€Z = (^x < Iz) H (a^.z) (14.1.18) 

x^X x^X 

and the Q{R)- action on these generators is the diagonal action at each x e X. 

Localization 14.1.5 

For a multiplicative set S c A'^^, and M G 4-mod, we have the localization 
S~^M G S'"^4-mod described as in (17. 2. 6117.27ft . In particular, we have the 
localizations Mp = S~^M e 4p-mod,p G Spec*(4), and Mg e 4s-mod, s = s* G 
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Definition 14.1.6 

For (X,Ox) e QTZS, an Ox-module is a functor (where Cx is the category of 
open subsets of X and inclusions), 


M :C°^ x¥-> Ab 

U,Z^ M{U)z 


(14.1.19) 


such that for [/ c X open, M{U) = {M{U)z} e Ox{U)-uYod-, for ?7 c c X 
open, the homomorphisms M(U')z M(U)z,'m m\u is compatible with 
the operations: (to < o)|„ = to|„ < a|„, (to / a)|„ = m\u jj a|„ ; and for fixed 
Z e F : U ^ M{U)z is a sheaf. 

A homomorphism of Ox-modules : M ^ M' , is a natural transformation of 
functors P’{U)z ■ M{U)z M'{U)z, such that ior U ^ X open, {t{U)z}z^¥ ^ 

Ox{U)-mod^AI(U), M'{U)^ , and for Z e¥, {‘p{U)z}u 5 X e {Ab)^x (AIz, AI'^). 

Thus we have an abelian category: Ox-mod. 

For A e GR-c^ AI e A-mod, we have M e 0 . 4 -mod, defined as in Definition 7.3.2. 
It has stalks at p e Spec* A given by (M)p = Mp, cf. (13.4.21) . and it has global 
sections over a basic open set Z1+ c Spec* A given by M{D^) = Mg, s = s* e 
cf. Theorem 11.3.2 (The commutativity of M is essential !) . 

For X G GGS, a Grothendieck- generalized- scheme, we have the full subcategory 
of "quasi-coherent" Ox-modules, g.c.Ox-mod c Ox-mod. Its objects are the 
Ox-modules satisfying the equivalent conditions of theorem 7.3.3, and for X = 
Spec* A affine, localization gives an equivalence 


A-mod g.c.Ox-mod c Ox-mod 
M ^ M 


(14.1.20) 


Restriction and extension of scalars 14.1.7 

For if G GRc{B,A), we have the adjoint functors (using geometric notations): 


V* 

A-mod , " B-mod (14.1.21) 

V* 

The right adjoint takes N G A-mod to (p^^N = N with B-action given using 
ip : n <J b = n <i <p>(6), n jj h = n jj ip(b). 

The left adjoint takes M e B-mod into the A-module ip*M = whose 

elements in degree Z e ¥,m e (M^)z, can be written as sums 

k 

TO = ^([rriijoad/a' with rrii G Mxi,ai G A/.x.^x., e Ag^,Yi^z (14.1.22) 
2=1 
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and a e Af, f eSet,{Y, Z), (resp. f eSet,{Z,Y) ), acting via 

k 

m<\a= ^([wi] <1 (oi <1 g*a)) jj /*o' 

(14.1.23) 

resp. m H a = ^ ([m*] <1 Oi) // {a <\ o') 

i=l 


and we have the relations: 

([m + m'] <] a) U a' = ([m] < o) / o' + ([m'] <ia) U a' 

([m <] 5] <1 a) / o' = ([m] < (</?(&) < o)) / a' 

([to H b] <\ a) H a' = ([to] < h*{a)) // (o' <1 f*ip{b)), be Bh,ae Af. 

(14.1.24) 


14.2 Derivations and differentials 


Definition 14.2.1 

For A e QIZc, M e 4.-mod, we define the even and odd infinitisimal extensions 
4n* M, an abelian group object of QTZjA, by 


F 3 X i-> (A M)x = Ax Mx 


(14.2.1) 


and for / GSet.(y, Z), o = (o^^^) e Af,m = ^ Mf 

have 


n we 

zeZ 


multiplication: for az e Az,mz G Mz, 

{az, mz) <1 (o, to) := {az <1 a, mz < o + ^ m^^^ 

zeZ 

±-contraction: for ay G Ay, my e My, 


<1 

ye/^bz) 


(azU)) 


{ay, my) II {a, to) := {ay H a, my H a ± 2] mW/KI, 

Z<E:Z 


We have, 


(14.2.2) 


(14.2.3) 


projection: t: e QTZ{AW M, A), Tr{a,m) = a, 

addition: /x G QTZ!a(^AW 41)11(^11 -^)) ) m((Q; '^)^ (O) ''^0) = (o, to + to') 

unit: e e QIZ! A{A, AY[M),e{a) = {a,d), 

antipode: S e QIZ! A{ A ][[[ M,AY\ M), S{a,m) = {a, —to). 

(14.2.4) 

(Note: When A G GTZc^ M a (commutative) 4.-module, the generalized rings 
M need not be commutative). 
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Definition 14.2.2 

For if G Q1Z(C,A),M G 4.-mod, an even/odd C -linear derivations from A to 
M, is a collection of maps S = {Jx : Ax satisfying: 

(*) Leibnitz: for / GSet.(F, Z),az G Az, ay G Ay, aj G Af, 

S{az <la^) = 6{az) <ia^ + <1 

zeZ y^f 114 2 'ii 

d{ay II a^) = d{ay) // ± I] 8{a{) // (ay|;-i(,)) ^ 

zeZ 

(**) C-linear: for ce C, 6ip{c) = 0. 

Note that, since F c (7, we get S(a <11/0 = (i(a) <11/‘ > and S is always a natural 
transformation. 

We denote by Ver^{A,M) the collection of even/odd C -linear derivations 
6 : A M. These are functors: 4-mod —> Ab, M i-> I)erQ{A,M), repre¬ 
sented by 

The module of even/odd differentials Vl-{A/C) e yl-mod : 
14.2.3 


Ver^{A,M) = 4-mod(fl±(4/C'), M) 

T o d'^/c ^ T 

with the universal even/odd derivation : A ll-(4/C'). 
For Z G F, the elements of f2-(4/C')z are sums of the form 

^ m, ■ (d±(a0 < o') // a” 

i=l 

mi e Z,ai e Awi, A g Af^^y^^Wi , a" g Ag^:y^^z 


(14.2.6) 


(14.2.7) 


subjected to the ± Leibnitz and C -linearity relations. 

14.2.4 Example 

For A = CfJvv] = C C> A^, the free eommutative generalized ring over C 
F 

generated by 5w G Aw, we have 

Lt-{C[5w\IC) = free CfJwj-module generated by d-{6w) in degree W, 

(14.2.8) 

modulo "± almost - linearity" - the derived commutativity relation (i.e. the 
C'fJiv] -sub-module generated by the difference of d- applied to (a / 5w) <1 dw 
and to (a <1 5w) Hw (dw), n ^ — 1^)- 


For (p G giZciC, A),B e C\giZlA, i.e. v? = tt o e, e g giZ{C, B),tt e gn{B, A) 



CHAPTER 14. MODULES AND DIFFERENTIALS 


211 


and for M e A-mod we have the natural identifications 

C\gn/A{B,AH^M) = Ver^{B,M) = B-mod{n^{B/C), M) = A-mod{n^{B/C)^, M) 
1 ( 5 , tpods/c'^V’ 

(14.2.9) 

We obtain, 

The adjunctions 14.2.5 


n±{B/cy 


B 


4-niod 


c\gn/ A 


M 


4n±M 


(14.2.10) 


Thus the even and odd differentials satisfy the {giZ. -analogues of) all the prop¬ 
erties (0 to 5) of §7.7. 


14.2.6 Example 


In particular we have the t/(N), (resp. g(Z)) -modules 12^ = r2-((y(N)/F), 
(resp. 11+ = H-(0(Z)/F{±1})), with the universal even/odd derivation in de¬ 
gree X e F 


4 : ^^(N)x = N" 

resp. 4 • S(Z)x = 


■ (^+)x 


(14.2.11) 


The module 11^ (resp. 11+) is obtained from the free ly(N) (resp. g(Z)) 
module of degree [2], with generator (i-(l,l), modulo the derived relations 
(114.2.12+1114.2.1^ . Thus (resp. H^) is the free abelian group with gener- 


(ax) 


ators { ^ ,(ax),(a'^) e N (resp. Z ), modulo the relations, a, a', a" 

(resp. Z^): 

, 7 , 7 - ■, (X ■ a) fw-ol , (X • a] , i x ■ a’ 

+ almost Linearity: < /l + l /t + t r + t / 

[x ■ a' \ [y-a' \ [y-a] [y ■ a' 


{x + y) 
(x + y) ■ 


a 


(apply d- to the identity 


±^^'(a + a')}’ (^>yeNresp. Z). 

(14.2.12+) 


((a:,y)//(l,l))<(l,l) = ((x,y) < (1,1)) // (1,1) 

{ 1 . 2 } { 1 , 2 } 
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or schematically 



or schematically 


normalized: 

(apply d~ to the identity 

symmetric: 

(apply d~ to the identity 


(resp. and cancellation: 

(apply d^ to the identity 



(( 1 ,!)<{+!,- 1 })//( 1 , 1 ) = 0 ) 


(14.2.12) 


(14.2.13) 


The —1- almost- linearity in (114.2.12+D is a consequence of the other relations 
(|14.2.13|) . (applying the cocycle relation to the term in the square brackets) we 
have: 


{x + y)a 
(x + y)a' 


-t 


X ■ {a + a') 
y(a + a') 

xa 

xa' + y{a + a') 

y{a + a') 
xa' 

y{a + a') 
xa' 


-t 


(x -t y)a' 
ya 


+ 


+ 


x{a + a') 
y{a + a') 


+ 


xa 

xa' 


xa 

ya' 


xa 

xa' 

+ 


+ 


X • {a + a') 
y{a + a') 

{x + y)a' 
ya 


xa 

y{a 4- a') 


+ 


ya 

ya' 


xa 

xa' 


xa 

ya' 


4 - 


ya 

ya' 


x{a 4- a')) 
y la + a') j 


(14.2.14) 


Thus only the relations (114.2.131) are involved in The universal odd 

derivation d'^ : (17^) X, is trivial for X = [1], but is non-trivial for 

|X| > 1. Letting A/”^ (resp. A/’x) denote the free abelian group with generators 
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[a], a e (resp. modulo the relation [k ■ a] = A: • [a], A: e N (resp. Z), we 

have the exact sequence 

A/f G{^)x -^ 0 (14.2.15) 

P P 

A/f G^x -- 0 


with ^ |q/| = [a + a'] - M - h[ai]) = 1]^ fci • at. 

The +1- almost- linearity, is thus equivalent modulo 2 torsion (i.e. after taking 
{x)Z[i]), to left and right linearity, a, a' e (resp. Z^), e N (resp. Z) 


right : 
left : 


_ jx{a + a0\ _ 
y{a + a') 


(x -t y)a 
{x + y)a' 


xa 

ya 

+ 


ya 


ya 

ya' 


ka 

ka' 


= k 


(14.2.16) 

(14.2.17) 


Conversely, left and right lineary (I14.2.16m4.2.17|l imply 4- and — almost lin¬ 
earity (114.2.12+1 ). For X = [1], the right linearity conditions (jl4.2.16|) and the 
left one (114.2.171) are one and the same ! 

_2 

Thus letting Llx (resp. Llx) denote the free abelian group with generators 
|^,|,a,a' e (resp. Z^), modulo the relations (114.2.131) and (jl4.2.161 
114.2.171) . we get the even and odd derivation 


dfx^ : 

dfx^ : Z^ - nfx] 


(14.2.18) 


In particular taking X = [1], we get the even differential 

—M 

d+j : N - 

^Z 


It satisfies: 
For n > 2, 


resp. : Z ^ ^[i]i 


(I4.2.I9) 


(14.2.20) 


d+j(u) = 2.(| 


n — I 
1 


n — 2 

1 


1 — n 


resp. d+j(-n) = 2 • (j [ + ••• + ] _^ [) =-d+q(^^)• 

(I4.2.2I) 
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(use induction on n, and apply to the identity (n+1) = ((1, l)<l{n, 1})/(!, 1) 
for the induction step) 

Leibnitz {n ■ m) = m ■ (n) + n ■ d|^^j (m) 

It follows that 


= n ■ 


[ 1 ]' 


and hence 


= 2up(n)-d+j(p) 
p ^ 


After extending scalars to Q this is equivalent to 


d[i]in) . d+^ip) 


(14.2.22) 

(14.2.23) 

(14.2.24) 

(14.2.25) 


This is the arithmetical analogue of the formula for / = f{z) G C{z), 

df ,, ^ d{z — a) Va{f) 

j = diog/ = 2, Mf) = 2j- 


z — a 


z — a 


aeC aeC 

The derivation is not additive, but we do have the identity 

dfi^ini + na) = d[i](ni) + d(^^j(n2) + 2 . (14.2.26) 

(apply dj'^j to the identity (ni + na) = ((1,1) <1 (n*)) // (1,1) and use Leibnitz). 
_2 

To see that (resp. ^[i]) is non- trivial, note that for each prime p we have 


a homomorphism ipp from it onto Z, given on the generators -J , ^ by 


Tpi \h = Vpia + a') 


,{a) ■ - - vp{a') ■ - 


(14.2.27) 


(vp(p" • a) = n for p \ a, the p- adic valuation). 


1 

p- 1 


, p prime). 


, —N 

(Indeed, is the free abelian group generated by 

_2 

The generalized ring H = ^(Z) , is an (absolute) abelian group via the 

maps 

Hz X Hz Hz 


(oi,mi) -I- (a2,rn2) '■= (ai + a2, ^ + mi + m 2 ) 


(14.2.28) 


and we get an exact sequence 



Appendix C 

Beta integrals and the local 
factors of zeta 


We shall concentrate on the case of the rational numbers Q. We denote by p 
the close points of hm(SpecZ), that is the finite primes (denoted by "p ^ 77 "), 
and the real prime (denoted by "p = 77 "); when we want to emphasise that a 
formula holds for all primes, finite or real, we write "p > 77 ". For each p > 77 
we have the completion Q^, the p- adic numbers for p ^ rj, = R the reals, 
and we have the (maximal- compact) sub- generalized ring Q{7jp) c ^(Qp), with 
QCZri) = '^Ti the real prime (cf. We let for p ^ rj, 


Sp {(Xi, G G{’^p)[n] j 1^1 j ■ • ■ ; Xn |p 1} 


(C.l) 


where. 


\xi, 


^71 \p 


Max{|a;i|p,..., |a;„|p} p ¥= rj 
(|a;ip-l -h |a;np)h2 p = n 


(C.2) 


(cf. ij2.5l) . Thus for p = 77 we have the (n — 1) dimensional sphere (while for 
p 7 ^ 77 , we get an open subset of n dimensional space). Note that for all p > 77 
(with Z* = {+!}): 

s;/z; ^ p"-i(Zp) ^ p”-i(Qp) (C.3) 

For p r], 


S; = nm5”(Z/p'=), P”-^(Zp) = limP”-i(Z/p'=). 

k k 


(C.4) 


For all p > 77 , 5'p is a homogenuous space of the compact group GLn{'Lp) (where 
GLn{1^p) = 0{n) the orthogonal group). 

For all p > 77 , we denote by Cp the unique GLn{Zp)- invariant probability 
measure on Sp. We write the local factors of the zeta function as 


Cp(s) 


|(1 -P '*) 1 P7^ 77 

|2t-r(§) p = 77 


(C.5) 
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(so the global zeta, Ca(s) = Op^sr/C p('S)) 3^(5) > 1, satisfies the functional 
equation Ca(s) = (27r)®“^CA(l — s)). We shall eventually recover these local 
factors Cp{s),p > ? 7 , in a uniform way. We denote for p ^ rj, the Beta function 




Cp(Q^i) ’ ’ ' Cp(o^ri) 

Cp(Q^1 + • • • + CXn) 


(l-p-“i)-(l-p-“n) P^V 


r(^)-r(^) 


riSii±^) 


P = V 


(C. 6 ) 


and the normalized Beta function 




/3p(cri j ■ • ■ 1 Ckn) 

/3p(l,...,l) 


Cp(^) Cp(Q^i) ■ ■ ■ Cpjc^n) 

Cp(l)"' Cp(«l + • • • + «„) 


(C.7) 


We have for all p > 77 the following Beta- integral: 

Beta-J: J \xi\p^~^ ■ ■ ■ \xn\p"~^(Tp{dx) = Bp{ai,..., an), K(ai) > 0. 

(C. 8 ) 

here x = (xi,..., Xn) e Sp. 

(This can be verified directly for p A rj, and for p = r], or can be obtained as 
appropiate limits of a q- analogue, cf. [TTn^ .l 

Note that for real tti > 0, we get a probability measure, the "Beta- measure" 




ki| 


Ql- 

P 


1 


|„„-i ap{dx) 


(C.9) 


on Sp, it is Z*- invariant, hence can be viewed as a probability measure on 
P"“i(Qp) (hence for p 7 ^ 77 , we get a Markov chain on ]_[^ P"“^(Z/p^), cf. [H08| 
for the q- analogue, which also gives the real analogue). 

On the other hand we have for all p > 77 , and all p = (pi,..., p„) e Q^: 



r \xiyi + ...XnVxVp V”(dx) = r \x//y\l V”(da:) 

Js" Jsj 

_ Cp(^) Cp('^) hjp-i 

Cp(l)C7>(n-l + s)'^'^ ■ 


(C.IO) 


Note that the operations of multiplications and contraction are very natural for 
the Beta measures: we have for N = ni + ■ ■ ■ + nk, P > 77 , a surjection 


X X • • • X 5 ;'' ^ 

{t,x^^\ ... ,x^^'^) 1 -^ t <1 (a;^*^) 


(C.ll) 
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and the measure is obtained as the image of the measures and the Beta 
measure , 


multiplication formula: 


f{x)a^ {dx) = 


ap{dt) 


Bp{ni,...,nk) 


r a^^{dx^^^)...l a^'^idx^"^) /(t<(a:«)) 

JSpi Jsp'= 

(C.12) 


Writing x = {xi,..., Xk), y = {yi,... ,yk) e Qp , with Xj,yj G , we have for 
p ^ ri, N = m + -h nfc : 

Contraction f: f \xi//yi\p^~'^... \xk//yk\p'^~^(TN{dx) = 

j Jsi^ 


Cp(-^)Cp(q^i) ■ • ■ Cp(Q^fc) 


(C.13) 


-\yi\T ^■■■\yk\ 


Ok-l 


Cp(l)^ ■ Cp(-^ — k + (oLi + • • • + (Xk)) 

Note that (IC.13|) for fc = 1 is (IC.10|) and (1(7.131) for ni = • • • = = 1, 

and yj = 1 is (1(7.81) . and conversly, (|(7.13l) follows form (1(7.81) . (1(7.101) and the 
multiplication formula, (|(7.12l) . 

Taking the vectors y = Ijv = (1,1,---,1) 6 we get a probability measure 
Tp = /I lAf on Qp for all p^y: 

f f{x)pp {dx) = r f{xil - VxN)(Jp{dx) (C.14) 

Jo Jsy 


We have: 


Tp {dx) = 


rd-N 


rd-N 


.—N 4’^p{^) 4” 1 


1-p- 


1-p 


dx. p A y, 


(C.15) 


here dx is the additive Haar measure on 'Zp,dx{hp) = 1, and (resp is 
the characteristic function of Zp (resp. h*) ; 

Tp {dx) = ■ (1 - xe [-Vn,Vn], (C.16) 

with the usual Haar measure dx on M, dx{[0, 1]) = 1. 

When we take the limit N ^ cx) we obtain the measures 

(Pp{dx) = (l)^^{x)dx, pAy, 


l~|2 n'T 

Tp{dx) = e-—^=. p= y, c;x([0,1]) = 1, 

V 27r 

and for all p ^ y we have from (IC.10|) . with j/i = 1, in the limit n —> oo: 


(C.17) 


Cp(s) 

Cp(l) N- 


= lim 


f |a;|p ^ipp{dx)= lim f |a;i H- \-xn\p ^<Jp {dx). (C.18) 

Jo ^ ^ N^ccJgN ^ ^ 
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